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Abstract
A three-dimensional (3D) lattice Boltzmann method based on central moments is
derived. Two main elements are the local attractors in the collision term and the
source terms representing the effect of external and/or self-consistent internal forces.
For suitable choices of the orthogonal moment basis for the three-dimensional,
twenty seven velocity (D3Q27), and, its subset, fifteen velocity (D3Q15) lattice
models, attractors are expressed in terms of factorization of lower order moments
as suggested in an earlier work; the corresponding source terms are specified to
correctly influence lower order hydrodynamic fields, while avoiding aliasing effects
for higher order moments. These are achieved by successively matching the cor-
responding continuous and discrete central moments at various orders, with the
final expressions written in terms of raw moments via a transformation based on
the binomial theorem. Furthermore, to alleviate the discrete effects with the source
terms, they are treated to be temporally semi-implicit and second-order, with the
implicitness subsequently removed by means of a transformation. As a result, the
approach is frame-invariant by construction and its emergent dynamics describing
fully 3D fluid motion in the presence of force fields is Galilean invariant. Numerical
experiments for a set of benchmark problems demonstrate its accuracy.
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1 Introduction
The use of discrete velocity models based on kinetic theory is a powerful
theoretical approach and forms the basis of a modern computational method
for fluid mechanics. While the work of Broadwell [1] represents an early effort
in this direction, careful exploitation of symmetries and local conservation
laws to construct such models for discrete configuration spaces underpinned
the recent approaches, starting from the work of Frisch et al [2]. The latter
led to the development of the lattice Boltzmann method (LBM) [3], albeit
without any direct connection to kinetic theory in its initial stages. Indeed,
formal demonstration of this approach as a simplified model for the continuous
Boltzmann equation [4,5,6], provided much impetus for recent developments,
particularly for complex fluids [7,8,9] and for representation beyond continuum
description [10], among others (see [11,12,13,14] for general reviews on the
LBM).
The basic procedure involved in the LBM is represented by the synchronous
free-streaming of particle distribution functions along discrete directions fol-
lowed by collision, represented as a relaxation process. The latter has major
influence on the physical fidelity as well as numerical stability. A popular
approach is based on the single-relaxation time (SRT) model [15,16]. While
it is successful in many applications, it is prone to numerical instability for
situations with relatively low viscosities and is inadequate for representing
certain physical phenomena (e.g. viscoelasticity and thermal transport) and
in correctly accounting for kinetic layers near boundaries. In contrast, the use
of multiple relaxation time (MRT) models [17], which are simplified versions
of the relaxation LBM [18,19], have addressed these aspects significantly. Its
characteristic feature is that the relaxation process is carried out in moment
space [20]. In particular, the relaxation times for the kinetic modes can be
independently adjusted by means of a linear stability analysis to improve nu-
merical stability [21,22]. Furthermore, based on the notion of duality between
hydrodynamic and kinetic modes, a procedure for construction of matrix based
LBM has been proposed recently [23]. From a different standpoint, non-linear
stability can be enforced with a discrete H-theorem locally in the collision
step using the SRT model [24,25,26]. In this Entropic LBM, minimization of
a convex H-function with hydrodynamic conservation constraints yields tran-
scendental local attractors. It was also shown that the choice of the H-function
in this context can be determined by enforcing Galilean invariance [27]. The
construction based on the minimization of a convex function has been general-
ized to include a larger set of constraints that includes second-order moments
yielding quasi-equilibrium attractors and thus allowing for a two-relaxation
time Entropic LBM via a continuous H-theorem [28,29]. A theoretical ba-
sis for such an approach based on factorization symmetry considerations has
been presented in [30]. This work, along with others [31,32,33], also provides
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rational procedures for constructing higher order models.
For general applicability of models and numerical schemes, it is necessary that
their description of fluid behavior be the same in all inertial frames of reference.
This important physical requirement of Galilean invariance, when not met can
also lead to numerical instability in the context of the LBM. The latter arises
from the fact that the degeneracies due to the finiteness of the standard lattice
velocity sets can lead to linear dependence of higher order moments in terms
of those at lower orders, which, in turn, can result in negative dependence of
viscosity on fluid velocity [34]. Thus, it becomes necessary to consider large
lattice velocity sets, which, however, by themselves do not guarantee in strictly
observing Galilean invariance, as they can only lead to kinematically complete
models [35]. Proper selection of the collision model provides the sufficient
or the dynamically complete condition in this regard to recover the correct
physics, such as the Navier-Stokes equations. This can be seen by the use of
unwieldy fitting of parameters [34] or elaborate construction procedures [32]
for the attractors in the collision model with such extended lattice sets. Thus,
the collision process still needs to be carefully designed and has an important
role to play in the proper observation of Galilean invariance.
In this context, relaxation in a moving frame of reference, i.e. in terms of mo-
ments obtained by shifting the particle velocity with the local hydrodynamic
velocity, or central moments [36], provides a natural setting and a simple con-
struction procedure to maintain Galilean invariance for a given velocity set.
That is, the relaxation process is constructed to observe inertial frame invari-
ance to a degree as permitted by the chosen lattice velocity set. We consider
this specific meaning when we use the term Galilean invariance in this pa-
per. Also, when different central moments are relaxed at different rates, i.e.
formulated as a MRT model, it can enhance numerical stability by provid-
ing additional numerical dissipation similar to standard MRT models based
on raw moments. It is noted that the ideas and procedures based on central
moment relaxation are not restricted to standard lattice velocity sets, but can
be used for any extended or kinematically complete velocity sets as well. The
central moment approach exhibits a cascaded structure, which was shown to
be equivalent to considering a generalized equilibrium in the lattice or rest
frame of reference [38]. Furthermore, to further improve the physical fidelity,
the local attractors for the central moments given in terms of their factor-
ization into lower order moments has been proposed [39]. To incorporate the
effect of force fields, which are important for numerous physical applications,
a new approach for the source terms based on central moments was recently
developed for a two-dimensional (2D) lattice [40]. In addition, a detailed the-
oretical basis for the central moment method, including a consistency analysis
of the emergent fluid motion, was also provided [40].
The objective of this work is the derivation and validation of a 3D central mo-
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ment lattice Boltzmann method, with a particular focus on deriving Galilean
invariant source terms, which are important, for example, in situations involv-
ing multiphase/multicomponent flows or turbulence modeling. In this regard,
three-dimensional, twenty seven velocity (D3Q27) and its minimal subset, i.e.
fifteen velocity (D3Q15) velocity lattices that can recover Navier-Stokes be-
havior are considered, and the overall procedure and notations used in [40] are
adopted. The D3Q27 lattice is chosen so that our results provide the forcing
scheme based on central moments to the overall formulation considered in [36].
It is noted that the notations and the details provided in that work [36] are
cumbersome even for the collision model without forcing for implementation.
On the other hand, in practice, the computational complexity is considerably
reduced with the use of the D3Q15 lattice. Hence, the details with both the
lattices are provided, with the smaller lattice set used in most of the compu-
tations in our validation studies. The overall procedure is as follows. Starting
from suitable choices of the orthogonal moment basis for these lattice veloc-
ity sets, the continuous and discrete central moments of the local attractors
and source terms at different orders are successively matched. The results are
then transformed in terms of raw moments by means of the binomial theo-
rem. To maintain physical coherence for the discrete velocity set, factorized
local attractors for higher order central moments and temporally second-order
accurate treatment of source terms are considered. This construction yields
Galilean invariant representation of 3D fluid dynamics in the presence of gen-
eral external or self-consistent internal forces. The computational approach
thus derived is then assessed by comparison of its results for a set of canonical
problems involving forcing for which analytical solutions are available.
The paper is organized as follows. Its main body containing the derivation
focuses only on the essential steps involved in the derivation, choosing the
D3Q27 lattice as an example, with the attendant details presented in various
appendices (see Appendices A-G; the computational scheme for the D3Q15
lattice is presented in Appendix G). Section 2 discusses the choice made for the
orthogonal moment basis corresponding to the D3Q27 lattice. The ansatz for
the continuous central moments for the distribution functions, local attractors
and sources due to the force fields are presented in Secs. 3. Section 4 provides
the corresponding 3D lattice Boltzmann equation (LBE) with source terms
based on central moments. Various discrete central moments needed for the
construction of the central moment method are defined and the matching
principle to preserve Galilean invariance is stated in Sec. 5. Section 6 obtains
expressions for various discrete raw moments using the matching principle via
the binomial theorem, including the derivation of the source terms in particle
velocity space. The construction of the collision kernel is presented in Sec. 7
and the overall procedure of the central moment LBM is provided in Sec. 8.
Validation studies involving various canonical problems are discussed in Sec. 9.
The conclusions are finally summarized in Sec. 10.
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2 Selection of Moment Basis
We now discuss the moment basis, which is an important element on which the
central moment LBM is constructed, corresponding to the three-dimensional,
twenty seven velocity (D3Q27) lattice model (see Fig. 1). The particle velocity
for this lattice model −→e α is given by
−→eα =

(0, 0, 0), α = 0
(±1, 0, 0), (0,±1, 0), (0, 0,±1), α = 1, · · · , 6
(±1,±1, 0), (±1, 0,±1), (0,±1,±1), α = 7, · · · , 18
(±1,±1,±1), α = 19, · · · , 26
(1)
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Fig. 1. Three-dimensional, twenty seven particle velocity (D3Q27) lattice.
For convenience, as in [40], we use Dirac’s bra-ket notion to represent the
basis vectors, and Greek and Latin subscripts for particle velocity directions
and Cartesian coordinate directions, respectively. By definition, the moments
in the LBM are discrete integral properties of the distribution function fα, i.e.∑26
α=0 e
m
αxe
n
αye
p
αzfα, where m, n and p are integers, in 3D. As a result, we begin
with the following twenty-seven non-orthogonal independent basis vectors ob-
tained by combining monomials emαxe
n
αye
p
αz and arranged in an ascending order.
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First, the nominal basis for the conserved (zeroth and first order) moments
follows immediately:
|T0〉= |ρ〉 ≡ ||−→e α|0〉 ,
|T1〉= |eαx〉 ,
|T2〉= |eαy〉 ,
|T3〉= |eαz〉 .
The basis for second-order moments are chosen such that it allows correct rep-
resentation of the momentum flux (based on the Maxwell distribution, see be-
low in Sec. 3) in the hydrodynamic equations. Three off-diagonal components
(|T4〉–|T6〉) and three diagonal components (|T7〉–|T9〉) with max(m,n, p) = 1
and max(m,n, p) = 2, respectively, while satisfying m+n+ p = 2 are consid-
ered:
|T4〉= |eαxeαy〉 ,
|T5〉= |eαxeαz〉 ,
|T6〉= |eαyeαz〉 ,
|T7〉= |e2αx − e2αy〉 ,
|T8〉= |e2αx − e2αz〉 ,
|T9〉= |e2αx + e2αy + e2αz〉 .
The following six third-order basis vectors for moments are chosen (|T10〉–
|T15〉 with max(m,n, p) = 2 and |T16〉 with max(m,n, p) = 1, while satisfying
m+ n+ p = 3):
|T10〉= |eαxe2αy + eαxe2αz〉 ,
|T11〉= |e2αxeαy + eαye2αz〉 ,
|T12〉= |e2αxeαz + e2αyeαz〉 ,
|T13〉= |eαxe2αy − eαxe2αz〉 ,
|T14〉= |e2αxeαy − eαye2αz〉 ,
|T15〉= |e2αxeαz − e2αyeαz〉 ,
|T16〉= |eαxeαyeαz〉 .
For the fourth-order basis vectors, we consider the following six of them (|T17〉–
|T22〉 with max(m,n, p) = 2 for m+ n+ p = 4):
|T17〉= |e2αxe2αy + e2αxe2αz + e2αye2αz〉 ,
|T18〉= |e2αxe2αy + e2αxe2αz − e2αye2αz〉 ,
|T19〉= |e2αxe2αy − e2αxe2αz〉 ,
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|T20〉= |e2αxeαyeαz〉 ,
|T21〉= |eαxe2αyeαz〉 ,
|T22〉= |eαxeαye2αz〉 .
Finally, three fifth-order basis vectors (|T23〉–|T25〉) and one sixth-order basis
vector (|T26〉) are considered to complete moment basis corresponding to the
D3Q27 model. In the above, in each case max(m,n, p) = 2, with m+n+p = 5
and m+ n+ p = 6, respectively. Thus,
|T23〉= |eαxe2αye2αz〉 ,
|T24〉= |e2αxeαye2αz〉 ,
|T25〉= |e2αxe2αyeαz〉 ,
|T26〉= |e2αxe2αye2αz〉 . (2)
Note that due to the finiteness of the particle velocity set, higher order lon-
gitudinal moments, i.e. |emαi〉 with m ≥ 3 are eliminated from consideration in
the above. The components of the basis vectors for the conserved moments
corresponding to Eq. (1) may be written as
|ρ〉 ≡ ||−→e α|0〉= (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1, 1, 1, 1, 1)† ,
|eαx〉= (0, 1,−1, 0, 0, 0, 0, 1,−1, 1,−1, 1,−1, 1,−1, 0, 0, 0, 0, 1,−1,
1,−1, 1,−1, 1,−1)† ,
|eαy〉= (0, 0, 0, 1,−1, 0, 0, 1, 1,−1,−1, 0, 0, 0, 0, 1,−1, 1,−1, 1, 1,
−1,−1, 1, 1,−1,−1)† ,
|eαz〉= (0, 0, 0, 0, 0, 1,−1, 0, 0, 0, 0, 1, 1,−1,−1, 1, 1,−1,−1, 1, 1,
1, 1,−1,−1,−1,−1)† .
Here and henceforth, the superscript ‘†’ represents the transpose operator. The
next key step is to transform the above non-orthogonal nominal basis set into
an equivalent orthogonal set that would allow an efficient implementation [17].
This is accomplished by means of the standard Gram-Schmidt procedure for
the above arrangement, i.e. in the increasing order of the monomials of the
products of the Cartesian components of the particle velocities. As a result
the components of the orthogonal basis vectors are given by
|K0〉= |ρ〉 ≡ ||−→e α|0〉 ,
|K1〉= |eαx〉 ,
|K2〉= |eαy〉 ,
|K3〉= |eαz〉 ,
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|K4〉= |eαxeαy〉 ,
|K5〉= |eαxeαz〉 ,
|K6〉= |eαyeαz〉 ,
|K7〉= |e2αx − e2αy〉 ,
|K8〉= |e2αx + e2αy + e2αz〉 − 3 |e2αz〉 ,
|K9〉= |e2αx + e2αy + e2αz〉 − 2 |ρ〉 ,
|K10〉= 3 |eαxe2αy + eαxe2αz〉 − 4 |eαx〉 ,
|K11〉= 3 |e2αxeαy + eαye2αz〉 − 4 |eαy〉 ,
|K12〉= 3 |e2αxeαz + e2αyeαz〉 − 4 |eαz〉 ,
|K13〉= |eαxe2αy − eαxe2αz〉 ,
|K14〉= |e2αxeαy − eαye2αz〉 ,
|K15〉= |e2αxeαz − e2αyeαz〉 ,
|K16〉= |eαxeαyeαz〉 ,
|K17〉= 3 |e2αxe2αy + e2αxe2αz + e2αye2αz〉 − 4 |e2αx + e2αy + e2αz〉+ 4 |ρ〉 ,
|K18〉= 3 |e2αxe2αy + e2αxe2αz − 2e2αye2αz〉 − 2 |2e2αx − e2αy − e2αz〉 ,
|K19〉= 3 |e2αxe2αy − e2αxe2αz〉 − 2 |e2αy − e2αz〉 ,
|K20〉= 3 |e2αxeαyeαz〉 − 2 |eαyeαz〉 ,
|K21〉= 3 |eαxe2αyeαz〉 − 2 |eαxeαz〉 ,
|K22〉= 3 |eαxeαye2αz〉 − 2 |eαxeαy〉 ,
|K23〉= 9 |eαxe2αye2αz〉 − 6 |eαxe2αy + eαxe2αz〉+ 4 |eαx〉 ,
|K24〉= 9 |e2αxeαye2αz〉 − 6 |e2αxeαy + eαye2αz〉+ 4 |eαy〉 ,
|K25〉= 9 |e2αxe2αyeαz〉 − 6 |e2αxeαz + e2αyeαz〉+ 4 |eαz〉 ,
|K26〉= 27 |e2αxe2αye2αz〉 − 18 |e2αxe2αy + e2αxe2αz + e2αye2αz〉
+12 |e2αx + e2αy + e2αz〉 − 8 |ρ〉 . (3)
This can be explicitly written in terms of a orthogonal matrix of moment basis
K given by
K= [|K0〉 , |K1〉 , |K2〉 , |K3〉 , |K4〉 , |K5〉 , |K6〉 , |K7〉 , |K8〉
|K9〉 , |K10〉 , |K11〉 , |K12〉 , |K13〉 , |K14〉 , |K15〉 , |K16〉 , |K17〉] .
|K18〉 , |K19〉 , |K20〉 , |K21〉 , |K22〉 , |K23〉 , |K24〉 , |K25〉 , |K26〉] (4)
whose components are presented in Appendix A. Note that unlike the stan-
dard MRT formulation based on raw moments [22], which orders the basis
vectors by considering the character of moments, i.e. increasing powers of
their tensorial orders (i.e. scalars, vectors, tensors of different ranks,. . . ), the
central moment basis vectors considered here are ordered according to their
ascending powers (i.e. zeroth order moment, first order moments, second order
moments,. . . ). Furthermore, the details of the basis vectors considered in this
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paper are different from those provided in [36].
3 Continuous Central Moments: Distribution Function, its Local
Attractor and Forcing
The central moment LBM, which is defined at the discrete level, should pre-
serve certain continuous integral properties of the distribution function f given
in terms of its central moments, i.e. those shifted by the macroscopic fluid ve-
locity. In this regard, we first define continuous central moment of f of order
(m+ n+ p) as
Π̂xmynzp =
∞∫
−∞
∞∫
−∞
∞∫
−∞
f(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz. (5)
Here, and in the rest of this paper, the use of “hat” over a symbol represents
quantities in the space of moments. The effect of collision is to relax the
distribution function, or equivalently, its central moments, towards its local
attractor. The corresponding central moment local attractor may be written
as
Π̂atxmynzp =
∞∫
−∞
∞∫
−∞
∞∫
−∞
fat(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz. (6)
Here fat is as yet unknown, and its effect on the dynamics will be determined
in what follows. Similarly, the continuous central moments due to sources may
be written as
Γ̂Fxmynzp =
∞∫
−∞
∞∫
−∞
∞∫
−∞
∆fF (ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz, (7)
where ∆fF is the change in the distribution function due to forcing, which
will be specified later. One possibility is to consider the local Maxwellian as
the attractor [36]. That is, consider
fM ≡ fM(ρ,−→u , ξx, ξy, ξz) = ρ
2pic2s
exp
−
(−→
ξ −−→u
)2
2c2s
 , (8)
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where c2s = 1/3, which yields corresponding continuous Maxwellian central
moments as
Π̂Mxmynzp =
∞∫
−∞
∞∫
−∞
∞∫
−∞
fM(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz. (9)
By virtue of the fact that fM being an even function, Π̂Mxmynzp 6= 0 when
m, n and p are even and Π̂Mxmynzp = 0 when m or n or p is odd. Here and
henceforth, the subscripts xmynzp mean xxx · · ·m-times, yyy · · ·n-times and
zzz · · · p-times. Thus,
Π̂M0 = ρ,
Π̂Mi = 0,
Π̂Mii = c
2
sρ,
Π̂Mij = 0, i 6= j,
Π̂Mijj = 0, i 6= j,
Π̂Mijk = 0, i 6= j 6= k,
Π̂Miijj = c
4
sρ, i 6= j,
Π̂Miijk = 0, i 6= j 6= k,
Π̂Mijjkk = 0, i 6= j 6= k,
Π̂Miijjkk = c
6
sρ, i 6= j 6= k. (10)
Now, as discussed in [39] using Π̂atxmynzp = Π̂
M
xmynzp for all orders leads to some
inconsistency in recovering the macroscopic fluid equations. To circumvent this
issue, we use a factorized form for (central moment) attractors proposed in [39].
Essentially, in addition to satisfying Galilean invariance, the Maxwellian (equi-
librium) satisfies the factorization property, i.e. independence along Cartesian
coordinate directions, which immediately applies to its central moments. In
the factorized central moment formulation, this property is extended to model
non-equilibrium process, i.e. relaxation towards equilibrium. In other words,
the higher order central moment attractors are given as its factorization in
terms of lower order central moments that are not yet in equilibrium [39]. To
proceed further, let us define the following post-collision continuous central
moment of order (m+ n+ p):
˜̂
Πxmynzp =
∞∫
−∞
∞∫
−∞
∞∫
−∞
f˜(ξx − ux)m(ξy − uy)n(ξz − uz)pdξxdξydξz. (11)
Then, we consider the factorized form for attractors as
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Π̂ati =
˜̂
Πi = 0,
Π̂atij =
˜̂
Πi
˜̂
Πj = 0,
Π̂atiij =
˜̂
Πii
˜̂
Πj = 0,
Π̂atijk =
˜̂
Πi
˜̂
Πj
˜̂
Πk = 0,
Π̂atiijj =
˜̂
Πii
˜̂
Πjj,
Π̂atiijk =
˜̂
Πii
˜̂
Πjk,
Π̂atiijjk =
˜̂
Πii
˜̂
Πjj
˜̂
Πk = 0,
Π̂atiijjkk =
˜̂
Πii
˜̂
Πjj
˜̂
Πkk. (12)
Now, however, to correctly recover the momentum flux and pressure tensor
in the macroscopic fluid dynamical equations, the diagonal components of
the second-order central moments should preserve those obtained from the
Maxwellian. That is, we set Π̂atii = c
2
sρ. Thus, the 27 independent components
of the local factorized central moment attractors can be written as
Π̂at0 = 0, Π̂
at
x = Π̂
at
y = Π̂
at
z = 0,
Π̂atxx = Π̂
at
yy = Π̂
at
zz = c
2
sρ,
Π̂atxy = Π̂
at
xz = Π̂
at
yz = 0,
Π̂atxyy = Π̂
at
xzz = Π̂
at
xxy = Π̂
at
yzz = Π̂
at
xxz = Π̂
at
yyz = Π̂
at
xyz = 0,
Π̂atxxyy =
˜̂
Πxx
˜̂
Πyy,
Π̂atxxzz =
˜̂
Πxx
˜̂
Πzz,
Π̂atyyzz =
˜̂
Πyy
˜̂
Πzz,
Π̂atxxyz = Π̂
at
xyyz = Π̂
at
xyzz = 0,
Π̂atxyyzz = Π̂
at
xxyzz = Π̂
at
xxyyz = 0,
Π̂atxxyyzz =
˜̂
Πxx
˜̂
Πyy
˜̂
Πzz. (13)
In essence, for the D3Q27 lattice, the fourth-order and sixth-order moments
are factorized in terms of longitudinal second-order moments. It may be noted
that symmetries in the factorization of the Maxwellian have been exploited to
construct other types of quasi-equilibrium attractors recently [30].
Similarly for the continuous source central moments due to force fields, one
possible choice is obtained by choosing that based on the local Maxwellian,
i.e. ∆fF =
−→
F
ρ
· (
−→
ξ −−→u )
c2s
fM, which, however, leads to aliasing effects for higher
order moments [40]. To circumvent this issue, a simple choice involves de-
aliasing higher order moments while preserving its necessary effect on the
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first-order central moments [40] which is extended to 3D in this work. Thus,
we specify the continuous source central moments as
Γ̂Fxmynzp =

Fx, m = 1, n = 0, p = 0
Fy, m = 0, n = 1, p = 0
Fz, m = 0, n = 0, p = 1
0, Otherwise.
(14)
4 Central Moment Lattice-Boltzmann Equation with Forcing Terms
Let us now write the central moment lattice Boltzmann equation (LBE) with
forcing terms by first defining a discrete distribution function supported by the
discrete particle velocity set −→e α as f = |fα〉 = (f0, f1, f2, . . . , f26)†, a collision
operator as Ωc = |Ωcα〉 = (Ωc0,Ωc1,Ωc2, . . . ,Ωc26) as well as a source term as
S = |Sα〉 = (S0, S1, S2, . . . , S26)† based on central moments. The LBE can
then be obtained as a discrete version of the continuous Boltzmann equation
by temporally integrating along particle characteristics as [40]
fα(−→x +−→e α, t+ 1) = fα(−→x , t) + Ωcα(−→x ,t) +
t+1∫
t
S
α(
−→x +−→e αθ,t+θ)dθ. (15)
In Eq. (15), the collision operator can be written in terms of the unknown
collision kernel ĝ projected to the orthogonal matrix of the moment basis
as [36]
Ωcα ≡ Ωcα(f , ĝ) = (K · ĝ)α, (16)
where ĝ = |ĝα〉 = (ĝ0, ĝ1, ĝ2, . . . , ĝ26)†, which will be derived later. The macro-
scopic conserved moments, i.e. the local density and momentum, are obtained
from the distribution function as
ρ=
26∑
α=0
fα = 〈fα|ρ〉 , (17)
ρui =
26∑
α=0
fαeαi = 〈fα|eαi〉 , i ∈ x, y, z. (18)
We consider a semi-implicit representation for the source term, i.e. the last
term in the above equation, Eq. (15), to provide second-order accuracy [40], i.e.
12
∫ t+1
t Sα(−→x +−→e αθ,t+θ)dθ = 12
[
S
α(
−→x ,t) + Sα(−→x +−→e α,t+1)
]
. This equation is then
made effectively explicit by using the transformation fα = fα− 12Sα to reduce
it to [40]
fα(
−→x +−→e α, t+ 1) = fα(−→x , t) + Ωcα(−→x ,t) + Sα(−→x ,t). (19)
The explicit expressions for the source term Sα as well as the collision ker-
nel ĝ will be derived so as to rigorously enforce Galilean invariance through
a matching principle and a binomial transformation. These are discussed in
Secs. 6 and 7, respectively.
5 Various Discrete Central Moments and Galilean Invariance Match-
ing Principle
To facilitate the determination of the structure of the collision operator kernel
ĝ and the source terms Sα, we now define the following discrete central mo-
ments of the distribution function, Maxwellian, and source term, respectively:
κ̂xmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|fα〉 ,
κ̂atxmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|fatα 〉 ,
σ̂xmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|Sα〉 . (20)
Furthermore, the following definitions involving discrete central moments based
on post-collision (f˜α) and transformed (fα) distribution functions, and its
combination f˜α, are useful for further simplifications:
˜̂κxmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|f˜α〉 ,
κ̂xmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|fα〉 ,˜̂κxmynzp = 〈(eαx − ux)m(eαy − uy)n(eαz − uz)p|f˜α〉 . (21)
Based on the definition of the transformed distribution function as given in
the last section, it immediately follows that
κ̂xmynzp = κ̂xmynzp − 1
2
σ̂xmynzp . (22)
In order to preserve the main physical characteristic, i.e. Galilean invariance
at the discrete level, we now invoke the key matching principle, which is to
set the discrete central moments of the attractors of the distribution function
13
and the source terms, defined above, equal to their corresponding continuous
central moments, whose forms are known exactly from the ansatz derived in
Sec. 3. In other words,
κ̂atxmynzp = Π̂
at
xmynzp , (23)
σ̂xmynzp = Γ̂
F
xmynzp . (24)
This yields the following expressions for the discrete local central moment
attractors
κ̂at0 = 0, κ̂
at
x = κ̂
at
y = κ̂
at
z = 0,
κ̂atxx = κ̂
at
yy = κ̂
at
zz = c
2
sρ,
κ̂atxy = κ̂
at
xz = κ̂
at
yz = 0,
κ̂atxyy = κ̂
at
xzz = κ̂
at
xxy = κ̂
at
yzz = κ̂
at
xxz = κ̂
at
yyz = κ̂
at
xyz = 0,
κ̂atxxyy =
˜̂κxx ˜̂κyy,
κ̂atxxzz =
˜̂κxx ˜̂κzz,
κ̂atyyzz =
˜̂κyy ˜̂κzz,
κ̂atxxyz = κ̂
at
xyyz = κ̂
at
xyzz = 0,
κ̂atxyyzz = κ̂
at
xxyzz = κ̂
at
xxyyz = 0,
κ̂atxxyyzz =
˜̂κxx ˜̂κyy ˜̂κzz. (25)
In addition, the discrete source central moments satisfy the following
σ̂0 = 0, σ̂x = Fx, σ̂y = Fy, σ̂z =Fz,
σ̂xmynzp = 0, m, n, p > 1. (26)
Thus, finally, in view of Eq. (22), the attractors in terms of the transformed
central moments can be written as
κ̂
at
0 = 0, κ̂
at
x = −
1
2
Fx, κ̂
at
y = −
1
2
Fy, κ̂
at
z = −
1
2
Fz,
κ̂
at
xx = κ̂
at
yy = κ̂
at
zz = c
2
sρ,
κ̂
at
xy = κ̂
at
xz = κ̂
at
yz = 0,
κ̂
at
xyy = κ̂
at
xzz = κ̂
at
xxy = κ̂
at
yzz = κ̂
at
xxz = κ̂
at
yyz = κ̂
at
xyz = 0,
κ̂
at
xxyy =
˜̂κxx ˜̂κyy,
κ̂
at
xxzz =
˜̂κxx ˜̂κzz,
κ̂
at
yyzz =
˜̂κyy ˜̂κzz,
κ̂
at
xxyz = κ̂
at
xyyz = κ̂
at
xyzz = 0,
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κ̂
at
xyyzz = κ̂
at
xxyzz = κ̂
at
xxyyz = 0,
κ̂
at
xxyyzz =
˜̂κxx ˜̂κyy ˜̂κzz. (27)
6 Various Discrete Raw Moments and Source Terms in Particle
Velocity Space
In order to construct an executable central moment LBM, the above informa-
tion based on the central moments need to be related to the raw moments, i.e.
those in the usual lattice or rest frame of reference. This can be readily accom-
plished by means of the binomial theorem applied to the orthogonal products
of the discrete quantities supported by the particle velocity set [40]. In this
regard, the following notations that specify various discrete raw moments will
be useful:
κ̂
′
xmynzp =
∑
α
fαe
m
αxe
n
αye
p
αz = 〈emαxenαyepαz|fα〉 , (28)
κ̂
′
xmynzp =
∑
α
fαe
m
αxe
n
αye
p
αz = 〈emαxenαyepαz|fα〉 , (29)
σ̂
′
xmynzp =
∑
α
Sαe
m
αxe
n
αye
p
αz = 〈emαxenαyepαz|Sα〉 . (30)
Here and in what follows, the superscript “prime” (′) is used to distinguish
the raw moments from the central moments that are designated without the
primes. Furthermore, similar to Eq. (22), the relation κ̂
′
xmyn = κ̂
′
xmynzp −
1
2
σ̂
′
xmynzp is satisfied. Based on the above, first, we write the raw moments
of the distribution function of different orders supported by the particle veloc-
ity set κ̂
′
xmynzp = 〈fα|emαxenαyepαz〉 in terms of the known quantities. To obtain a
compact description of results, the following operator notation is helpful [40]:
a(fα1 + fα3 + fα3 + · · ·) + b(fβ1 + fβ2 + fβ3 + · · ·) + · · ·
=
(
a
A∑
α
+b
B∑
α
· · ·
)
⊗ fα, (31)
where A = {α1, α2, α3, · · ·}, B = {β1, β2, β3, · · ·},· · ·. First, the conserved
transformed raw moments follows directly from the definition as
κ̂
′
0 = 〈fα|ρ〉 = ρ, κ̂
′
x = 〈fα|eαx〉 = ρux −
1
2
Fx,
κ̂
′
y = 〈fα|eαy〉 = ρuy −
1
2
Fy, κ̂
′
z = 〈fα|eαz〉 = ρuz −
1
2
Fz. (32)
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The non-conserved transformed raw moments can be written, using the above
operator notation (Eq. (31)), in terms of the subsets of the particle velocity
directions, which are presented in Appendix B.
The next step is to transform the central moments of the source terms (Eq. (26))
in terms of raw moments by using the definitions, i.e. Eq. (20) and (30), which
by the binomial theorem, readily yields the expressions that are enumerated in
Appendix C. These moments should be related to the discrete source terms in
particle velocity space so that an operational Galilean invariant approach can
be derived. To accomplish this, we first obtain a set of intermediate quantities
m̂sβ, which are the projections of the source terms to the orthogonal matrix
of the moment basis K, i.e. m̂sβ = 〈Kβ|Sα〉, β = 0, 1, 2, . . . , 26, which can
be obtained from the above using Eqs. (4) and (C.1). The details of m̂sβ are
provided in Appendix D.
It is noted that m̂sβ is equivalent to the following matrix formulation
K†S = (K · S)α = (〈K0|Sα〉 , 〈K1|Sα〉 , 〈K2|Sα〉 , . . . , 〈K26|Sα〉)
= (m̂s0, m̂
s
1, m̂
s
2, . . . , m̂
s
26)
† ≡ |m̂sα〉 , (33)
which can be exactly inverted by using the following orthogonal property
of K, i.e. K−1 = K† · D−1, where D is the diagonal matrix given by D =
diag(〈K0|K0〉 , 〈K1|K1〉 , 〈K2|K2〉 , . . . , 〈K26|K26〉) [40]. Exploiting this fact, the
linear system (Eq. (33)) can be solved exactly to yield the expressions for
the Galilean invariant source terms in velocity space Sα in terms of m̂
s
β, or
equivalently the force
−→
F and velocity fields −→u . The final results of Sα, where
α = 0, 1, 2, . . . , 26 are summarized in Appendix E.
Finally, to obtain the collision kernel ĝβ in the next section, we need to evaluate
the expressions for its raw moments of various orders projected to the moment
basis matrix K, i.e.∑
α
(K · ĝ)αemαxenαyepαz =
∑
β
〈Kβ|emαxenαyepαz〉 ĝβ. (34)
For conserved moments, it follows by definition that ĝ0 = ĝ1 = ĝ2 = ĝ3 = 0.
Again, exploiting the orthogonal property of K, the moments of the collision
kernel can be obtained which are presented in Appendix F.
The central moment LBE given in Eq. (19) can be rewritten in terms of the
collision and streaming steps, respectively, as
f˜α(
−→x , t) = fα(−→x , t) + Ωcα(−→x ,t) + Sα(−→x ,t), (35)
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fα(
−→x +−→e α, t+ 1) = f˜α(−→x , t), (36)
where the symbol “tilde” (∼) in the first equation refers to the post-collision
state. Furthermore, the conserved local fluid density and momentum are finally
written in terms of the moments of the transformed distribution functions as
ρ=
26∑
α=0
fα = 〈fα|ρ〉 , (37)
ρui =
26∑
α=0
fαeαi +
1
2
Fi = 〈fα|eαi〉+
1
2
Fi, i ∈ x, y, z. (38)
7 Structure of the Central Moment Collision Operator
We are now in a position to obtain the expressions for the collision kernel
of the 3D central moment LBM in the presence of source terms. In essence,
the procedure begins with the lowest order (i.e. second-order, off-diagonal)
post-collision central moments (i.e. ˜̂κxy, ˜̂κxz and ˜̂κyz), which are successively
set equal to the corresponding attractors given in Eq. (27) (i.e. κ̂
at
xy, κ̂
at
xz and
κ̂
at
yz, respectively). This intermediate step is based on an equilibrium assump-
tion. Dropping this modeling assumption to represent collision as a relaxation
process by multiplying with a corresponding relaxation parameter results in
the collision kernels ĝα for a given order [36]. Here, the relaxation parameter
needs to be carefully applied to only those terms that are not yet in post-
collision states, i.e. those that do not contain ĝβ, where β = 0, 1, 2, . . . , α − 1
for a given ĝα. Then the results are transformed in terms of raw moments via
the binomial theorem to yield expressions useful for computations. The details
of various elements in obtaining the collision kernel are presented in [40]. To
simplify exposition, let us introduce the following notation:
η̂
′
xmynzp = κ̂
′
xmynzp + σ̂
′
xmynzp , (39)
where the expressions for κ̂
′
xmynzp and σ̂
′
xmynzp are known from Sec. 6. In the
following, for brevity, we present only the final results. For the above three
off-diagonal central moments, we get
ĝ4 =
ω4
12
[
−η̂′xy + ρuxuy +
1
2
(σ̂
′
xuy + σ̂
′
yux)
]
, (40)
ĝ5 =
ω5
12
[
−η̂′xz + ρuxuz +
1
2
(σ̂
′
xuz + σ̂
′
zux)
]
, (41)
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ĝ6 =
ω6
12
[
−η̂′yz + ρuyuz +
1
2
(σ̂
′
yuz + σ̂
′
zuy)
]
. (42)
where ω4, ω5 and ω6 are relaxation parameters. Similarly, applying the pro-
cedure for the remaining three second-order diagonal components with κ̂
at
xx =
κ̂
at
yy = κ̂
at
zz = c
2
sρ, which preserves the Maxwellian values to provide the correct
momentum flux and pressure tensor, yields
ĝ7 =
ω7
12
[
−(η̂′xx − η̂
′
yy) + ρ(u
2
x − u2y) + (σ̂
′
xux − σ̂
′
yuy)
]
, (43)
ĝ8 =
ω8
36
[
−(η̂′xx + η̂
′
yy − 2η̂
′
zz) + ρ(u
2
x + u
2
y − 2u2z)
+(σ̂
′
xux + σ̂
′
yuy − 2σ̂
′
zuz)
]
, (44)
ĝ9 =
ω9
18
[
−(η̂′xx + η̂
′
yy + η̂
′
zz) + ρ(u
2
x + u
2
y + u
2
z)
+(σ̂
′
xux + σ̂
′
yuy + σ̂
′
zuz) + ρ
]
. (45)
Next, carrying out the above matching, transformation, and relaxation steps
(with the last of this applicable only for the pre-collision terms) successively
to all the seven components of the third-order moments we get
ĝ10 =
ω10
24
[
−(η̂′xyy + η̂
′
xzz) + 2(uyη̂
′
xy + uzη̂
′
xz) + ux(η̂
′
yy + η̂
′
zz)
−2ρux(u2y + u2z)−
1
2
σ̂
′
x(u
2
y + u
2
z)− ux(σ̂
′
yuy + σ̂
′
zuz)
]
+(uyĝ4 + uzĝ5) +
1
4
ux(−ĝ7 − ĝ8 + 2ĝ9), (46)
ĝ11 =
ω11
24
[
−(η̂′xxy + η̂
′
yzz) + 2(uxη̂
′
xy + uzη̂
′
yz) + uy(η̂
′
xx + η̂
′
zz)
−2ρuy(u2x + u2z)−
1
2
σ̂
′
y(u
2
x + u
2
z)− uy(σ̂
′
xux + σ̂
′
zuz)
]
+(uxĝ4 + uzĝ6) +
1
4
uy(ĝ7 − ĝ8 + 2ĝ9), (47)
ĝ12 =
ω12
24
[
−(η̂′xxz + η̂
′
yyz) + 2(uxη̂
′
xz + uyη̂
′
yz) + uz(η̂
′
xx + η̂
′
yy)
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−2ρuz(u2x + u2y)−
1
2
σ̂
′
z(u
2
x + u
2
y)− uz(σ̂
′
xux + σ̂
′
yuy)
]
+(uxĝ5 + uyĝ6) +
1
2
uz(ĝ8 + ĝ9), (48)
ĝ13 =
ω13
8
[
−(η̂′xyy − η̂
′
xzz) + 2(uyη̂
′
xy − uzη̂
′
xz) + ux(η̂
′
yy − η̂
′
zz)
−2ρux(u2y − u2z)−
1
2
σ̂
′
x(u
2
y − u2z)− ux(σ̂
′
yuy − σ̂
′
zuz)
]
+3(uyĝ4 − uzĝ5) + 3
4
ux(−ĝ7 + 3ĝ8), (49)
ĝ14 =
ω14
8
[
−(η̂′xxy − η̂
′
yzz) + 2(uxη̂
′
xy − uzη̂
′
yz) + uy(η̂
′
xx − η̂
′
zz)
−2ρuy(u2x − u2z)−
1
2
σ̂
′
y(u
2
x − u2z)− uy(σ̂
′
xux − σ̂
′
zuz)
]
+3(uxĝ4 − uzĝ6) + 3
4
uy(ĝ7 + 3ĝ8), (50)
ĝ15 =
ω15
8
[
−(η̂′xxz − η̂
′
yyz) + 2(uxη̂
′
xz − uyη̂
′
yz) + uz(η̂
′
xx − η̂
′
yy)
−2ρuz(u2x − u2y)−
1
2
σ̂
′
z(u
2
x − u2y)− uz(σ̂
′
xux − σ̂
′
yuy)
]
+3(uxĝ5 − uyĝ6) + 3
2
uzĝ7, (51)
ĝ16 =
ω16
8
[
−η̂′xyz + uxη̂
′
yz + uyη̂
′
xz + uzη̂
′
xy − 2ρuxuyuz
−1
2
(σ̂
′
xuyuz + σ̂
′
yuxuz + σ̂
′
zuxuy)
]
+
3
2
(uzĝ4 + uyĝ5 + uzĝ6), (52)
Notice that the cascaded structure is evident for the collision kernel starting
from the third-order moments. Now, the next three diagonal components of
the fourth-order central moments needs to carefully consider the non-zero
factorized attractors given in terms of second-order components, i.e. κ̂
at
xxyy =˜̂κxx ˜̂κyy, κ̂atxxzz = ˜̂κxx ˜̂κzz, and κ̂atyyzz = ˜̂κyy ˜̂κzz (see Eq. (27)). This yields the
corresponding collision kernels as
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ĝ17 =
ω17
12
[
−(η̂′xxyy + η̂
′
xxzz + η̂
′
yyzz) + 2
(
ux(η̂
′
xyy + η̂
′
xzz) + uy(η̂
′
yzz + η̂
′
xxy)+
uz(η̂
′
xxz + η̂
′
yyz)
)
− u2x(η̂
′
yy + η̂
′
zz)− u2y(η̂
′
xx + η̂
′
zz)− u2z(η̂
′
xx + η̂
′
yy)
−4(uxuyη̂
′
xy + uxuzη̂
′
xz + uyuzη̂
′
yz) + (
˜̂κxx ˜̂κyy + ˜̂κxx ˜̂κzz + ˜̂κyy ˜̂κzz)
+3ρ(u2xu
2
y + u
2
xu
2
z + u
2
yu
2
z) + u
2
x(uyσ̂
′
y + uzσ̂
′
z) + u
2
y(uxσ̂
′
x + uzσ̂
′
z)
+u2z(uxσ̂
′
x + uyσ̂
′
y)
]
− 4uxuyĝ4 − 4uxuzĝ5 − 4uyuzĝ6
+
1
2
(u2x − u2y)ĝ7 +
1
2
(u2x + u
2
y − 2u2z)ĝ8 +
1
2
(−2u2x − 2u2y − u2z − 4)ĝ9
+4uxĝ10 + 4uyĝ11 + 4uzĝ12, (53)
ĝ18 =
ω18
24
[
−(η̂′xxyy + η̂
′
xxzz − 2η̂
′
yyzz) + 2
(
uxη̂
′
xyy + uxη̂
′
xzz + uyη̂
′
xxy + uzη̂
′
xxz
−2(uyη̂
′
yzz + uzη̂
′
yyz)
)
− u2xη̂
′
yy − u2xη̂
′
zz − u2yη̂
′
xx − u2zη̂
′
xx + 2u
2
yη̂
′
zz+
+2u2zη̂
′
yy − 4(uxuyη̂
′
xy + uxuzη̂
′
xz − 2uyuzη̂
′
yz) + (
˜̂κxx ˜̂κyy + ˜̂κxx ˜̂κzz − 2˜̂κyy ˜̂κzz)
+3ρ(u2xu
2
y + u
2
xu
2
z − 2u2yu2z) + u2xuyσ̂
′
y + u
2
xuzσ̂
′
z + u
2
yuxσ̂
′
x + u
2
zuxσ̂
′
x
−2u2yuzσ̂
′
z − 2u2zuyσ̂
′
y)
]
− 2uxuyĝ4 − 2uxuzĝ5 + 4uyuzĝ6
+
1
4
(u2x − u2y − 3u2z − 2)ĝ7 +
1
4
(u2x − 5u2y + u2z − 2)ĝ8 +
1
4
(−2u2x + u2y
+2u2z)ĝ9 + 2uxĝ10 − uyĝ11 − uzĝ12 + uyĝ14 + uzĝ15, (54)
ĝ19 =
ω19
8
[
−(η̂′xxyy − η̂
′
xxzz) + 2
(
uxη̂
′
xyy − uxη̂
′
xzz + uyη̂
′
xxy − uzη̂
′
xxz
)
−(u2xη̂
′
yy − u2xη̂
′
zz + u
2
yη̂
′
xx − u2zη̂
′
xx)− 4(uxuyη̂
′
xy − uxuzη̂
′
xz)
+(˜̂κxx ˜̂κyy − ˜̂κxx ˜̂κzz) + 3ρ(u2xu2y − u2xu2z)
+ (u2xuyσ̂
′
y − u2xuzσ̂
′
z + u
2
yuxσ̂
′
x − u2zuxσ̂
′
x)
]
− 6uxuyĝ4 + 6uxuzĝ5
+
1
4
(3u2x − 3u2y + 3u2z + 2)ĝ7 +
1
4
(−9u2x − 3u2y + 3u2z − 6)ĝ8
+
1
4
(−3u2y − 8)ĝ9 + 3uyĝ11 − 3uzĝ12 + 2uxĝ13 + uyĝ14 − uzĝ15. (55)
For calculating ĝ17 through ĝ19 in the above equations, we need the post col-
lision states ˜̂κxx, ˜̂κyy and ˜̂κzz. These can be obtained from Eq. (22) as follows.
˜̂κxx = ˜̂κxx + 1
2
σ̂xx,
˜̂κyy = ˜̂κyy + 1
2
σ̂yy,
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˜̂κzz = ˜̂κzz + 1
2
σ̂zz,
where the second-order transformed central moments, in turn, can be related
to corresponding raw moments, which are known, as
˜̂κxx = ˜̂κ′xx − ρu2x − Fxux,˜̂κyy = ˜̂κ′yy − ρu2y − Fyuy,˜̂κzz = ˜̂κ′zz − ρu2z − Fzuz.
Note that in terms of η̂
′
xmynzp these can also be written as
˜̂κxx = [η̂′xx + 6ĝ7 + 6ĝ8 + 6ĝ9]− ρu2x − Fxux,
˜̂κyy = [η̂′yy − 6ĝ7 + 6ĝ8 + 6ĝ9]− ρu2y − Fyuy,
˜̂κzz = [η̂′xx − 12ĝ8 + 6ĝ9]− ρu2z − Fzuz.
Proceeding further for the remaining three fourth-order central moments using
κ̂atxxyz = κ̂
at
xyyz = κ̂
at
xyzz = 0, we get
ĝ20 =
ω20
8
[
−η̂′xxyz + uzη̂
′
xxy + uyη̂
′
xxz + 2uxη̂
′
xyz − uyuzη̂
′
xx − 2uxuzη̂
′
xy
−2uxuyη̂
′
xz − u2xη̂
′
yz + 3ρu
2
xuyuz + σ̂
′
xuxuyuz +
1
2
u2x(σ̂
′
yuz + σ̂
′
zuy)
]
−3uxuzĝ4 − 3uxuyĝ5 −
(
3
2
u2x + 1
)
ĝ6 − 3
4
uyuzĝ7 − 3
4
uyuzĝ8
−3
4
uyuzĝ9 +
3
2
uzĝ11 +
3
2
uyĝ12 +
1
2
uzĝ14 +
1
2
uyĝ15 + 2uxĝ16, (56)
ĝ21 =
ω21
8
[
−η̂′xyyz + 2uyη̂
′
xyz + uzη̂
′
xyy + uxη̂
′
yyz − u2yη̂
′
xz − 2uyuzη̂
′
xy
−2uxuyη̂
′
yz − uxuzη̂
′
yy + 3ρuxu
2
yuz + σ̂
′
yuxuyuz +
1
2
u2y(σ̂
′
xuz + σ̂
′
zux)
]
−3uyuzĝ4 −
(
3
2
u2y + 1
)
ĝ5 − 3uxuyĝ6 + 3
4
uxuzĝ7 − 3
4
uxuzĝ8
−3
4
uxuzĝ9 +
3
2
uzĝ10 +
3
2
uxĝ12 +
1
2
uzĝ13 − 1
2
uxĝ15 + 2uyĝ16, (57)
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ĝ22 =
ω22
8
[
−η̂′xyzz + 2uzη̂
′
xyz + uyη̂
′
xzz + uxη̂
′
yzz − u2zη̂
′
xy − 2uyuzη̂
′
xz
−2uxuzη̂
′
yz − uxuyη̂
′
zz + 3ρuxuyu
2
z + σ̂
′
zuxuyuz +
1
2
u2z(σ̂
′
xuy + σ̂
′
yux)
]
−
(
3
2
u2z + 1
)
ĝ4 − 3uyuzĝ5 − 3uxuzĝ6 + 3
2
uxuyĝ8
−3
4
uxuyĝ9 +
3
2
uyĝ10 +
3
2
uxĝ11 − 1
2
uyĝ13 − 1
2
uxĝ14 + 2uzĝ16. (58)
The collision kernels for the three fifth-order central moments follow similarly
from κ̂
at
xyyzz = κ̂
at
xxyzz = κ̂
at
xxyyz = 0 as
ĝ23 =
ω23
8
[
−η̂′xyyzz + uxη̂
′
yyzz + 2uyη̂
′
xyzz + 2uzη̂
′
xyyz − u2yη̂
′
xzz − u2zη̂
′
xyy
−2uxuyη̂
′
yzz − 2uxuzη̂
′
yyz − 4uyuzη̂
′
xyz + uxu
2
zη̂
′
yy + uxu
2
yη̂
′
zz
+ 2uyu
2
zη̂
′
xy + 2u
2
yuzη̂
′
xz + 4uxuyuzη̂
′
yz − 4ρuxu2yu2z −
1
2
u2yu
2
zσ̂
′
x
−ux(u2zuyσ̂
′
y + u
2
yuzσ̂
′
z)
]
+ (3uyu
2
z + 2uy)ĝ4 + (3u
2
yuz + 2uz)ĝ5
+6uxuyuzĝ6 +
(
3
4
uxu
2
z −
1
4
ux
)
ĝ7 +
(
3
4
uxu
2
z −
3
2
uxu
2
y −
1
2
ux
)
ĝ8
+
(
3
4
uxu
2
z +
3
4
uxu
2
y + ux
)
ĝ9 +
(
−3
2
u2y −
3
2
u2z − 2
)
ĝ10 − 3uxuyĝ11
−3uxuzĝ12 +
(
1
2
u2y −
1
2
u2z
)
ĝ13 + uxuyĝ14 + uxuzĝ15 − 4uyuzĝ16
+
1
2
uxĝ17 − uxĝ18 + 2uzĝ21 + 2uyĝ22, (59)
ĝ24 =
ω24
8
[
−η̂′xxyzz + 2uxη̂
′
xyzz + 2uzη̂
′
xxyz + uyη̂
′
xxzz − u2xη̂
′
yzz − u2zη̂
′
xxy
−2uxuyη̂
′
xzz − 2uyuzη̂
′
xxz − 4uxuzη̂
′
xyz + uyu
2
zη̂
′
xx + u
2
xuyη̂
′
zz
+ 2uxu
2
zη̂
′
xy + 2u
2
xuzη̂
′
yz + 4uxuyuzη̂
′
xz − 4ρu2xuyu2z −
1
2
u2xu
2
zσ̂
′
y
−uy(uxu2zσ̂
′
x + u
2
xuzσ̂
′
z)
]
+ (3uxu
2
z + 2ux)ĝ4 + 6uxuyuzĝ5
+(3u2xuz + 2uz)ĝ6 +
(
3
4
uyu
2
z +
1
2
uy
)
ĝ7 +
(
3
4
uyu
2
z −
3
2
u2xuy −
1
2
uy
)
ĝ8
+
(
3
4
uyu
2
z +
3
4
u2xuy + uy
)
ĝ9 − 3uxuyĝ10 +
(
−3
2
u2x −
3
2
u2z − 2
)
ĝ11
−3uyuzĝ12 + uxuyĝ13 +
(
1
2
u2x −
1
2
u2z
)
ĝ14 − uyuzĝ15 − 4uxuzĝ16
+
1
2
uyĝ17 +
1
2
uyĝ18 − 1
2
uyĝ19 + 2uzĝ20 + 2uxĝ22, (60)
22
ĝ25 =
ω25
8
[
−η̂′xxyyz + 2uxη̂
′
xyyz + 2uyη̂
′
xxyz + uzη̂
′
xxyy − u2xη̂
′
yyz − u2yη̂
′
xxz
−2uxuzη̂
′
xyy − 2uyuzη̂
′
xxy − 4uxuyη̂
′
xyz + u
2
yuzη̂
′
xx + u
2
xuzη̂
′
yy
+ 2uxu
2
yη̂
′
xz + 2u
2
xuyη̂
′
yz + 4uxuyuzη̂
′
xy − 4ρu2xu2yuz −
1
2
u2xu
2
yσ̂
′
z
−uz(uxu2yσ̂
′
x + u
2
xuyσ̂
′
y)
]
+ 6uxuyuzĝ4 + (3uxu
2
y + 2ux)ĝ5
+(3u2xuy + 2uy)ĝ6 +
(
3
4
u2yuz −
3
4
u2xuz
)
ĝ7 +
(
3
4
u2yuz +
3
4
u2xuz + uz
)
ĝ8
+
(
3
4
u2yuz +
3
4
u2xuz + uz
)
ĝ9 − 3uxuzĝ10 − 3uyuzĝ11
+
(
−3
2
u2x −
3
2
u2y − 2
)
ĝ12 − uxuzĝ13 − uyuzĝ14 +
(
1
2
u2x −
1
2
u2y
)
ĝ15
−6uxuyĝ16 + 1
2
uzĝ17 +
1
2
uzĝ18 +
1
2
uzĝ19 + 2uyĝ20 + 2uxĝ21. (61)
Finally, for the one sixth-order component, we obtain the collision kernel based
on the non-zero factorized attractor (see Eq. (27)) as
ĝ26 =
ω26
8
[
−η̂′xxyyzz + 2
(
uxη̂
′
xyyzz + uyη̂
′
xxyzz + uzη̂
′
xxyyz
)
−
(
u2xη̂
′
yyzz
+ u2yη̂
′
xxzz + u
2
zη̂
′
xxyy
)
− 4
(
uxuyη̂
′
xyzz + uxuzη̂
′
xyyz + uyuzη̂
′
xxyz
)
+2
(
u2xuyη̂
′
yzz + uxu
2
yη̂
′
xzz + u
2
xuzη̂
′
yyz + uxu
2
zη̂
′
xyy + u
2
yuzη̂
′
xxz
+uyu
2
zη̂
′
xxy
)
+ 8uxuyuzη̂
′
xyz −
(
u2yu
2
zη̂
′
xx + u
2
xu
2
zη̂
′
yy + u
2
xu
2
yη̂
′
zz
)
−4uxuyuz
(
uzη̂
′
xy + uyη̂
′
xz + uxη̂
′
yz
)
+ 5ρu2xu
2
yu
2
z+˜̂κxx ˜̂κyy ˜̂κzz + uxuyuz (uxuyσ̂′z + uxuzσ̂′y + uyuzσ̂′x)]
+
(
−4uxuy − 6uxuyu2z
)
ĝ4 +
(
−4uxuz − 6uxu2yuz
)
ĝ5
+
(
−4uyuz − 6u2xuyuz
)
ĝ6 +
(
1
2
u2x −
1
2
u2y +
3
4
u2xu
2
z −
3
4
u2yu
2
z
)
ĝ7
+
(
1
2
u2x +
1
2
u2y − u2z −
3
4
u2yu
2
z −
3
4
u2xu
2
z +
3
2
u2xu
2
y
)
ĝ8
+
(
−u2x − u2y − u2z −
3
4
u2xu
2
y −
3
4
u2xu
2
z −
3
4
u2yu
2
z − 1
)
ĝ9
+
(
3uxu
2
y + 3uxu
2
z + 4ux
)
ĝ10 +
(
3u2xuy + 3uyu
2
z + 4uy
)
ĝ11
+
(
3u2xuz + 3u
2
yuz + 4uz
)
ĝ12 +
(
uxu
2
z − uxu2y
)
ĝ13
+
(
uyu
2
z − u2xuy
)
ĝ14 +
(
u2yuz − u2xuz
)
ĝ15 + 8uxuyuzĝ16
+
(
−1
2
u2x −
1
2
u2y −
1
2
u2z − 1
)
ĝ17 +
(
u2x −
1
2
u2y −
1
2
u2z
)
ĝ18
23
+
(
1
2
u2y −
1
2
u2z
)
ĝ19 − 4uyuzĝ20 − 4uxuzĝ21 − 4uxuyĝ22 + 2uxĝ23
+2uyĝ24 + 2uzĝ25. (62)
Note that the transformed raw moments of various orders, i.e. κ̂
′
xmynzp and
raw source moments, i.e. σ̂
′
xmynzp needed for η̂
′
xmynzp for various m, n and
p combinations can be obtained from Eqs. (32) and (B.1) and Eq. (C.1),
respectively, which are given in Sec. 6. Similar to the 2D central moment
LBM with source terms [40], we can apply the Chapman-Enskog expansion
to the above 3D formulation to show that its emergent dynamics corresponds
to the Navier-Stokes equations representing fluid motion in the presence of
general force fields. Some of the relaxation parameters in the collision model
can be related to the transport coefficients. For example, those corresponding
to the second-order moments control shear viscosity ν of the fluid. That is, ν =
c2s
(
1
ων
− 1
2
)
where ων = ωj where j = 4, 5, 6, 7, 8. The rest of the parameters
can be set either to 1 (i.e. equilibration) or adjusted independently to carefully
control and improve numerical stability by means of a linear stability analysis,
while all satisfying the usual bounds 0 < ωβ < 2.
8 Operational Steps of the Central Moment LBM
To provide explicit expressions for the collision step in the central moment
LBM as a stream-and-collide procedure (i.e. Eq. (35) and (36)), we first ex-
pand the elements of the matrix multiplication of K with ĝ in Eq. (16). This
yields the post-collision values of all the 27 components of the transformed
distribution function in terms of the Galilean invariant collision kernel ĝβ (see
Sec. 7) and source terms Sβ (see Eq. (E.1) in Appendix. E) which can be
summarized as follows:
f˜ 0 = f 0 + [ĝ0 − 2ĝ9 + 4ĝ17 − 8ĝ26] + S0,
f˜ 1 = f 1 + [ĝ0 + ĝ1 + ĝ7 + ĝ8 − ĝ9 − 4ĝ10 − 4ĝ18 + 4ĝ23 + 4ĝ26] + S1,
f˜ 2 = f 2 + [ĝ0 − ĝ1 + ĝ7 + ĝ8 − ĝ9 + 4ĝ10 − 4ĝ18 − 4ĝ23 + 4ĝ26] + S2,
f˜ 3 = f 3 + [ĝ0 + ĝ2 − ĝ7 + ĝ8 − ĝ9 − 4ĝ11 + 2ĝ18 − 2ĝ19 + 4ĝ24 + 4ĝ26]
+S3,
f˜ 4 = f 4 + [ĝ0 − ĝ2 − ĝ7 + ĝ8 − ĝ9 + 4ĝ11 + 2ĝ18 − 2ĝ19 − 4ĝ24 + 4ĝ26]
+S4,
f˜ 5 = f 5 + [ĝ0 + ĝ3 − 2ĝ8 − ĝ9 − 4ĝ12 + 2ĝ18 + 2ĝ19 + 4ĝ25 + 4ĝ26]
+S5,
f˜ 6 = f 6 + [ĝ0 − ĝ3 − 2ĝ8 − ĝ9 + 4ĝ12 + 2ĝ18 + 2ĝ19 − 4ĝ25 + 4ĝ26]
24
+S6,
f˜ 7 = f 7 + [ĝ0 + ĝ1 + ĝ2 + ĝ4 + 2ĝ8 − ĝ10 − ĝ11 + ĝ13 + ĝ14 − ĝ17 + ĝ18+
ĝ19 − 2ĝ22 − 2ĝ23 − 2ĝ24 − 2ĝ26] + S7,
f˜ 8 = f 8 + [ĝ0 − ĝ1 + ĝ2 − ĝ4 + 2ĝ8 + ĝ10 − ĝ11 − ĝ13 + ĝ14 − ĝ17 + ĝ18+
ĝ19 + 2ĝ22 + 2ĝ23 − 2ĝ24 − 2ĝ26] + S8,
f˜ 9 = f 9 + [ĝ0 + ĝ1 − ĝ2 − ĝ4 + 2ĝ8 − ĝ10 + ĝ11 + ĝ13 − ĝ14 − ĝ17 + ĝ18+
ĝ19 + 2ĝ22 − 2ĝ23 + 2ĝ24 − 2ĝ26] + S9,
f˜ 10 = f 10 + [ĝ0 − ĝ1 − ĝ2 + ĝ4 + 2ĝ8 + ĝ10 + ĝ11 − ĝ13 − ĝ14 − ĝ17 + ĝ18+
ĝ19 − 2ĝ22 + 2ĝ23 + 2ĝ24 − 2ĝ26] + S10,
f˜ 11 = f 11 + [ĝ0 + ĝ1 + ĝ3 + ĝ5 + ĝ7 − ĝ8 − ĝ10 − ĝ12 − ĝ13 + ĝ15 − ĝ17+
ĝ18 − ĝ19 − 2ĝ21 − 2ĝ23 − 2ĝ25 − 2ĝ26] + S11,
f˜ 12 = f 12 + [ĝ0 − ĝ1 + ĝ3 − ĝ5 + ĝ7 − ĝ8 + ĝ10 − ĝ12 + ĝ13 + ĝ15 − ĝ17+
ĝ18 − ĝ19 + 2ĝ21 + 2ĝ23 − 2ĝ25 − 2ĝ26] + S12,
f˜ 13 = f 13 + [ĝ0 + ĝ1 − ĝ3 − ĝ5 + ĝ7 − ĝ8 − ĝ10 + ĝ12 − ĝ13 − ĝ15 − ĝ17+
ĝ18 − ĝ19 + 2ĝ21 − 2ĝ23 + 2ĝ25 − 2ĝ26] + S13,
f˜ 14 = f 14 + [ĝ0 − ĝ1 − ĝ3 + ĝ5 + ĝ7 − ĝ8 + ĝ10 + ĝ12 + ĝ13 − ĝ15 − ĝ17+
ĝ18 − ĝ19 − 2ĝ21 + 2ĝ23 + 2ĝ25 − 2ĝ26] + S14,
f˜ 15 = f 15 + [ĝ0 + ĝ2 + ĝ3 + ĝ6 − ĝ7 − ĝ8 − ĝ11 − ĝ12 − ĝ14 − ĝ15 − ĝ17−
2ĝ18 − 2ĝ20 − 2ĝ24 − 2ĝ25 − 2ĝ26] + S15,
f˜ 16 = f 16 + [ĝ0 − ĝ2 + ĝ3 − ĝ6 − ĝ7 − ĝ8 + ĝ11 − ĝ12 + ĝ14 − ĝ15 − ĝ17−
2ĝ18 + 2ĝ20 + 2ĝ24 − 2ĝ25 − 2ĝ26] + S16,
f˜ 17 = f 17 + [ĝ0 + ĝ2 − ĝ3 − ĝ6 − ĝ7 − ĝ8 − ĝ11 + ĝ12 − ĝ14 + ĝ15 − ĝ17−
2ĝ18 + 2ĝ20 − 2ĝ24 + 2ĝ25 − 2ĝ26] + S17,
f˜ 18 = f 18 + [ĝ0 − ĝ2 − ĝ3 + ĝ6 − ĝ7 − ĝ8 + ĝ11 + ĝ12 + ĝ14 + ĝ15 − ĝ17−
2ĝ18 − 2ĝ20 + 2ĝ24 + 2ĝ25 − 2ĝ26] + S18,
f˜ 19 = f 19 + [ĝ0 + ĝ1 + ĝ2 + ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 + 2ĝ12+
ĝ16 + ĝ17 + ĝ20 + ĝ21 + ĝ22 + ĝ23 + ĝ24 + ĝ25 + ĝ26] + S19,
f˜ 20 = f 20 + [ĝ0 − ĝ1 + ĝ2 + ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 + 2ĝ12−
ĝ16 + ĝ17 + ĝ20 − ĝ21 − ĝ22 − ĝ23 + ĝ24 + ĝ25 + ĝ26] + S20,
f˜ 21 = f 21 + [ĝ0 + ĝ1 − ĝ2 + ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 + 2ĝ12−
ĝ16 + ĝ17 − ĝ20 + ĝ21 − ĝ22 + ĝ23 − ĝ24 + ĝ25 + ĝ26] + S21,
f˜ 22 = f 22 + [ĝ0 − ĝ1 − ĝ2 + ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 + 2ĝ12+
ĝ16 + ĝ17 − ĝ20 − ĝ21 + ĝ22 − ĝ23 − ĝ24 + ĝ25 + ĝ26] + S22,
f˜ 23 = f 23 + [ĝ0 + ĝ1 + ĝ2 − ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 − 2ĝ12−
ĝ16 + ĝ17 − ĝ20 − ĝ21 + ĝ22 + ĝ23 + ĝ24 − ĝ25 + ĝ26] + S23,
f˜ 24 = f 24 + [ĝ0 − ĝ1 + ĝ2 − ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 − 2ĝ12+
25
ĝ16 + ĝ17 − ĝ20 + ĝ21 − ĝ22 − ĝ23 + ĝ24 − ĝ25 + ĝ26] + S24,
f˜ 25 = f 25 + [ĝ0 + ĝ1 − ĝ2 − ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 − 2ĝ12+
ĝ16 + ĝ17 + ĝ20 − ĝ21 − ĝ22 + ĝ23 − ĝ24 − ĝ25 + ĝ26] + S25,
f˜ 26 = f 26 + [ĝ0 − ĝ1 − ĝ2 − ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 − 2ĝ12−
ĝ16 + ĝ17 + ĝ20 + ĝ21 + ĝ22 − ĝ23 − ĝ24 − ĝ25 + ĝ26] + S26. (63)
The above post-collision state allows completion of the streaming step via
Eq. (36), following which frame-independent fields of 3D fluid motion can be
obtained from Eqs. (37) and (38). In the implementation, various optimization
strategies such as those discussed in [22] should be fully exploited to minimize
the floating point operation count.
Following the general outline of the above derivation, the central moment
LBM was also formulated for the three-dimensional, fifteen velocity (D3Q15)
lattice, which has a much reduced computational complexity when compared
with the D3Q27 lattice. The results are summarized in Appendix G.
9 Numerical Tests
Both the central moment formulations including forcing terms derived ear-
lier, i.e. for the D3Q15 and D3Q27 lattices, were implemented and assessed.
Let us now discuss the validation studies carried out for these computational
approaches for a set of canonical problems for which analytical solutions are
available. First, we consider a fully developed flow between parallel plates
driven by a constant body force. The grid resolution was chosen to be 3×3×45
with relaxation parameter ων = 1.818 for the second-order moments (ων = ωj
where j = 4, 5, 6, 7, 8) that controls the kinematic viscosity ν (= 0.0167 here).
Rest of the relaxation parameters were set to be unity for this case as well
as for all the simple canonical problems considered in our present numerical
accuracy study. It may be noted that other values could be used for kinetic
modes involving more complex situations (e.g. turbulent flows) and could also
be optimized to improve numerical stability. For these parameters, three dif-
ferent values of the body force were considered, i.e. Fx = 2 × 10−7, 4 × 10−7
and 6× 10−7 corresponding to Reynolds numbers (based on the centerline ve-
locity and half-width between plates) 3.6, 7.2 and 10.7, respectively. Half-way
bounce back boundary condition was implemented to impose the no-slip con-
dition at both the walls. Figure 2 shows a comparison between the computed
results obtained using the central moment LBM implemented for D3Q15 and
D3Q27 lattices with the analytical solution (u(z) = u0(1 − (z/L)2), where L
is the half-width and u0 = FxL
2/(2ν)). Excellent agreement is seen for both
formulations with the benchmark analytical solution. Since the results with
D3Q15 and D3Q27 lattices are essentially identical with the former involving
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Fig. 2. Flow between parallel plates with a constant body force: Comparison of
velocity profiles computed by D3Q15 (open symbols) and D3Q27 (filled circles)
formulations of the central moment LBM with forcing term with analytical solution
(lines) for different values of the body force Fx.
considerably lower operation count, henceforth we discuss the numerical per-
formance only with the D3Q15 lattice. It may be noted that the advantage
of the central moment formulation for this lattice, over the SRT approach
lies in its enhanced numerical stability by independently and carefully adjust-
ing the relaxation parameters for the kinetic modes. This and other assets
such as better representation of kinetic layers are similar to the standard (raw
moment) MRT approach. Comparison of such different collision models are
subjects for future investigations. The central moment LBM using the D3Q15
lattice was further assessed for the channel flow problem at higher Reynolds
numbers. By considering the same resolution as before and setting the body
force as Fx = 1 × 10−6, two different Reynolds numbers of 111.8 and 447.2
were considered by using ων = 1.923 and 1.961, respectively. Comparisons
of computed and analytical solutions were made in Fig. 3, which again show
good agreement.
In order to quantify the error between the computed and analytical solutions
and its variation at different resolutions, i.e. to establish the grid convergence
of the 3D central moment LBM, the following test was carried out. We again
considered channel flow with the computational domain discretized using 3×
3×N nodes, whereN is the number of nodes in the wall normal direction which
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Fig. 3. Flow between parallel plates with a constant body force: Comparison of
velocity profiles computed by D3Q15 formulation of the central moment LBM with
forcing term (open symbols) with analytical solution (lines) for different values of
Reynolds number Re.
was varied. The parameters were chosen so as to satisfy diffusive scaling: the
fluid velocity (or the Mach number) was made to scale with the resolution, i.e.
u0 ∼ ∆x ∼ 1/N . This ensures that the errors associated with compressibility
effects also simultaneously reduce with increase in resolution. Thus, with a
fixed viscosity ν to maintain constant Reynolds number (Re = u0L/ν) for
different resolutions, using u0 = FxL
2/(2ν) the body force scales as Fx ∼
1/L3 ∼ 1/N3. Setting ων = 1.818 and considering Fx = 6.958 × 10−6 for
the coarsest resolution (N = 13) so that Re = 20.8, the relative errors in
velocity field at different resolutions were computed using ||δu||2 = ∑i ||(uc,i−
ua,i)||2/∑i ||ua,i||2, where uc,i and ua,i are computed and analytical solutions,
respectively, || · ||2 is the standard second-norm and the subscript i represents
the discrete location of the nodes. Figure 4 shows a log-log plot of the relative
error as a function of the number of grid nodes. It is evident that quadratic
grid convergence is maintained by the 3D cascaded LBM.
We will now consider a different canonical problem, where the imposed body
force is time dependent and thus represents a more stringent test of the central
moment formulation derived in this work. In particular, flow between paral-
lel plates driven by a force which varies sinusoidally in time was computed
using this approach. If Ω = 2pi/T is the angular frequency, where T is the
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Fig. 4. Grid convergence study of the D3Q15 formulation of the central moment
LBM with forcing term for channel flow under diffusive scaling. Symbols represent
relative (root-mean-square) error between the computed and analytical solution.
Best fit slope of computed results is −1.96.
time period of the application of the body force, it may be represented as
Fx = Fmcos(Ωt), where Fm is its maximum amplitude. This problem, gen-
erally termed as Womersley flow, is characterized by the dimensionless pa-
rameter Wo =
√
Ω
ν
L, also called as the Womersley number representing the
relative effect of the unsteady response of the fluid flow to the imposed un-
steady body force. It has the following analytical solution for the velocity
profile ux(z) = R
[
iFm
Ω
{
1− cos(β
z
L)
cos(β)
}
eiΩt
]
, where β =
√
−iWo2. Considering
3×3×45 nodes and setting the maximum force amplitude Fm = 1×10−5 with
a time period of T = 10, 000, two different values of the relaxation parameter
ων , i.e. 1.724 and 1.923, were used, which correspond to Wo of 3.3 and 6.6,
respectively. Figures 5(a) and 5(b) show comparisons of the computed veloc-
ity profiles with the above analytical solution for different instants within the
first half of the time period T at these two Womersley numbers. It is clear
that the central moment LBM reproduces the sharp variations in the velocity
profiles at different instants as prescribed by the analytical solution, with very
good agreement found between them. Furthermore, the variations in both the
amplitude as well as the lag of the response of the fluid flow as seen by its
velocity profiles at different Womersley numbers are well reproduced by the
computational approach presented in this work.
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It may be noted that in all the problems considered above, the velocity field
has variation along only one coordinate direction normal to the direction of
the driving body force. Thus, as a final example, we consider fully developed
flow through a square duct in which the flow field has variations in both the
coordinate directions normal to the direction of application of the driving
force. It has the following analytical solution for the velocity field given in
terms of an infinite orthogonal (Fourier) series [41]
u(y, z) =
16a2Fx
ρνpi3
∞∑
n=1
(−1)(n−1)
1− cosh
(
(2n−1)piz
2a
)
cosh
(
(2n−1)pi
2
)
 cos
(
(2n−1)piy
2a
)
(2n− 1)3 , (64)
where −a ≤ y ≤ a and −a ≤ z ≤ a. Here, a is the duct half-width. We
considered the square duct to be resolved by using 3 × 45 × 45 nodes. A
constant body force of magnitude Fx = 1 × 10−6 was applied by considering
the relaxation parameter ων equal to 1.923 such that the Reynolds number
(based on maximum or centerline velocity and duct half-width) is equal to
65.7. As before, the no-slip condition at the walls was imposed using the half-
way bounce back approach. Figures 6(a) and 6(b) show a comparison between
the surface contours of the computed and analytical solution of the velocity
field for the above condition. It is seen that the 3D central moment LBM with
forcing term is able to reproduce the distribution of the velocity field over the
cross-section of the square duct. In order to more clearly make a quantitative
comparison, Fig. 7 shows plots of the computed velocity profiles at different
locations in the cross-section of the duct and their comparison with the cor-
responding analytical solution (see Eq. (64)) Evidently, the results computed
using the central moment LBM are found to be in excellent agreement with
the benchmark solution.
10 Summary and Conclusions
A derivation of the 3D central moment lattice Boltzmann method (LBM) in
the presence of forcing terms is presented. Suitable orthogonal moment ba-
sis for the D3Q27 and D3Q15 lattices are chosen for the specification of the
local attractors and source terms in terms of central moments. In particular,
recently proposed factorized form of local attractors for higher moments and
de-aliased source terms that influence only conserved moments, which are ob-
tained from modifications of the properties of the Maxwellian are considered in
the construction of the approach. A Galilean invariance matching principle is
invoked that exactly preserves the continuous central moments of the attractor
and the source terms at the discrete level for all orders supported by the par-
ticle velocity set. Based on these, expressions for the temporally semi-implicit
and second-order accurate sources are derived through an exact inversion due
30
to the orthogonal properties of the moment basis. The central moment LBM,
whose elements are equivalently expressed in terms of raw moments using the
binominal theorem, represents frame independent fluid motion in the presence
of general external or self-consistent internal forces. A set of numerical tests
was carried out for problems involving channel flow driven by constant and
temporally varying (periodic) body forces, and flow through a square duct to
assess the accuracy of the central moment LBM with forcing term derived in
this paper. It is demonstrated that the method maintains second-order grid
convergence under diffusive scaling. Comparisons of the computed results are
found to be in excellent agreement with analytical solutions for all the bench-
mark problems considered.
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Fig. 5. Flow between parallel plates with a temporally varying body force: Compar-
ison of velocity profiles computed by the D3Q15 formulation of the central moment
LBM with forcing term (open symbols) with analytical solution (lines) at different
instants within a time period T . (a) Wo = 3.3 and (b) Wo = 6.6, where Wo is the
Womersley number. 32
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Fig. 6. Flow through a square duct with side length 2a subjected to a constant body
force: Comparison of surface contours of the velocity field for Reynolds number
Re = 65.7 (a) computed by the D3Q15 formulation of the central moment LBM
with forcing term with (b) analytical solution (see Eq. (64)).
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Fig. 7. Flow through a square duct with side length 2a subjected to a constant
body force: Comparison of velocity profiles computed by the D3Q15 formulation
of the central moment LBM with forcing term (symbols) with analytical solution
(lines) (see Eq. (64)) at different locations in the duct cross-section for Reynolds
number Re = 65.7.
34
A Appendix: Orthogonal Matrix of the Moment Basis K for the
D3Q27 Lattice
A main element of the central moment method is the moment basis. The
components of the orthogonal matrix of the the moment basis derived in Sec. 2
(see Eq. (4)) can be written as
K =
1 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 −8
1 1 0 0 0 0 0 1 1 −1 −4 0 0 0 0 0 0 0 −4 0 0 0 0 4 0 0 4
1 −1 0 0 0 0 0 1 1 −1 4 0 0 0 0 0 0 0 −4 0 0 0 0 −4 0 0 4
1 0 1 0 0 0 0 −1 1 −1 0 −4 0 0 0 0 0 0 2 −2 0 0 0 0 4 0 4
1 0 −1 0 0 0 0 −1 1 −1 0 4 0 0 0 0 0 0 2 −2 0 0 0 0 −4 0 4
1 0 0 1 0 0 0 0 −2 −1 0 0 −4 0 0 0 0 0 2 2 0 0 0 0 0 4 4
1 0 0 −1 0 0 0 0 −2 −1 0 0 4 0 0 0 0 0 2 2 0 0 0 0 0 −4 4
1 1 1 0 1 0 0 0 2 0 −1 −1 0 1 1 0 0 −1 1 1 0 0 −2 −2 −2 0 −2
1 −1 1 0 −1 0 0 0 2 0 1 −1 0 −1 1 0 0 −1 1 1 0 0 2 2 −2 0 −2
1 1 −1 0 −1 0 0 0 2 0 −1 1 0 1 −1 0 0 −1 1 1 0 0 2 −2 2 0 −2
1 −1 −1 0 1 0 0 0 2 0 1 1 0 −1 −1 0 0 −1 1 1 0 0 −2 2 2 0 −2
1 1 0 1 0 1 0 1 −1 0 −1 0 −1 −1 0 1 0 −1 1 −1 0 −2 0 −2 0 −2 −2
1 −1 0 1 0 −1 0 1 −1 0 1 0 −1 1 0 1 0 −1 1 −1 0 2 0 2 0 −2 −2
1 1 0 −1 0 −1 0 1 −1 0 −1 0 1 −1 0 −1 0 −1 1 −1 0 2 0 −2 0 2 −2
1 −1 0 −1 0 1 0 1 −1 0 1 0 1 1 0 −1 0 −1 1 −1 0 −2 0 2 0 2 −2
1 0 1 1 0 0 1 −1 −1 0 0 −1 −1 0 −1 −1 0 −1 −2 0 −2 0 0 0 −2 −2 −2
1 0 −1 1 0 0 −1 −1 −1 0 0 1 −1 0 1 −1 0 −1 −2 0 2 0 0 0 2 −2 −2
1 0 1 −1 0 0 −1 −1 −1 0 0 −1 1 0 −1 1 0 −1 −2 0 2 0 0 0 −2 2 −2
1 0 −1 −1 0 0 1 −1 −1 0 0 1 1 0 1 1 0 −1 −2 0 −2 0 0 0 2 2 −2
1 1 1 1 1 1 1 0 0 1 2 2 2 0 0 0 1 1 0 0 1 1 1 1 1 1 1
1 −1 1 1 −1 −1 1 0 0 1 −2 2 2 0 0 0 −1 1 0 0 1 −1 −1 −1 1 1 1
1 1 −1 1 −1 1 −1 0 0 1 2 −2 2 0 0 0 −1 1 0 0 −1 1 −1 1 −1 1 1
1 −1 −1 1 1 −1 −1 0 0 1 −2 −2 2 0 0 0 1 1 0 0 −1 −1 1 −1 −1 1 1
1 1 1 −1 1 −1 −1 0 0 1 2 2 −2 0 0 0 −1 1 0 0 −1 −1 1 1 1 −1 1
1 −1 1 −1 −1 1 −1 0 0 1 −2 2 −2 0 0 0 1 1 0 0 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 0 0 1 2 −2 −2 0 0 0 1 1 0 0 1 −1 −1 1 −1 −1 1
1 −1 −1 −1 1 1 1 0 0 1 −2 −2 −2 0 0 0 −1 1 0 0 1 1 1 −1 −1 −1 1

B Appendix: Non-conserved Transformed Raw Moments for the
D3Q27 Lattice
The non-conserved transformed raw moments of various orders are given in
terms of the subsets of the particle velocity directions as
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κ̂
′
xy = 〈fα|eαxeαy〉 =
26∑
α=0
fαeαxeαy =
 A4∑
α
−
B4∑
α
⊗ fα,
κ̂
′
xz = 〈fα|eαxeαz〉 =
26∑
α=0
fαeαxeαz =
 A5∑
α
−
B5∑
α
⊗ fα,
κ̂
′
yz = 〈fα|eαyeαz〉 =
26∑
α=0
fαeαyeαz =
 A6∑
α
−
B6∑
α
⊗ fα,
κ̂
′
xx = 〈fα|e2αx〉 =
26∑
α=0
fαe
2
αx =
 A7∑
α
⊗ fα,
κ̂
′
yy = 〈fα|e2αy〉 =
26∑
α=0
fαe
2
αy =
 A8∑
α
⊗ fα,
κ̂
′
zz = 〈fα|e2αz〉 =
26∑
α=0
fαe
2
αz =
 A9∑
α
⊗ fα,
κ̂
′
xyy = 〈fα|eαxe2αy〉 =
26∑
α=0
fαeαxe
2
αy =
A10∑
α
−
B10∑
α
⊗ fα,
κ̂
′
xzz = 〈fα|eαxe2αz〉 =
26∑
α=0
fαeαxe
2
αz =
A11∑
α
−
B11∑
α
⊗ fα,
κ̂
′
xxy = 〈fα|e2αxeαy〉 =
26∑
α=0
fαe
2
αxeαy =
A12∑
α
−
B12∑
α
⊗ fα,
κ̂
′
yzz = 〈fα|eαye2αz〉 =
26∑
α=0
fαeαye
2
αz =
A13∑
α
−
B13∑
α
⊗ fα,
κ̂
′
xxz = 〈fα|e2αxeαz〉 =
26∑
α=0
fαe
2
αxeαz =
A14∑
α
−
B14∑
α
⊗ fα,
κ̂
′
yyz = 〈fα|e2αyeαz〉 =
26∑
α=0
fαe
2
αyeαz =
A15∑
α
−
B15∑
α
⊗ fα,
κ̂
′
xyz = 〈fα|eαxeαyeαz〉 =
26∑
α=0
fαeαxeαyeαz =
A16∑
α
−
B16∑
α
⊗ fα,
κ̂
′
xxyy = 〈fα|e2αxe2αy〉 =
26∑
α=0
fαe
2
αxe
2
αy =
A17∑
α
⊗ fα,
κ̂
′
xxzz = 〈fα|e2αxe2αz〉 =
26∑
α=0
fαe
2
αxe
2
αz =
A18∑
α
⊗ fα,
κ̂
′
yyzz = 〈fα|e2αye2αz〉 =
26∑
α=0
fαe
2
αye
2
αz =
A19∑
α
⊗ fα,
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κ̂
′
xxyz = 〈fα|e2αxeαyeαz〉 =
26∑
α=0
fαe
2
αxeαyeαz =
A20∑
α
−
B20∑
α
⊗ fα,
κ̂
′
xyyz = 〈fα|eαxe2αyeαz〉 =
26∑
α=0
fαeαxe
2
αyeαz =
A21∑
α
−
B21∑
α
⊗ fα,
κ̂
′
xyzz = 〈fα|eαxeαye2αz〉 =
26∑
α=0
fαeαxeαye
2
αz =
A22∑
α
−
B22∑
α
⊗ fα,
κ̂
′
xyyzz = 〈fα|eαxe2αye2αz〉 =
26∑
α=0
fαeαxe
2
αye
2
αz =
A23∑
α
−
B23∑
α
⊗ fα,
κ̂
′
xxyzz = 〈fα|e2αxeαye2αz〉 =
26∑
α=0
fαe
2
αxeαye
2
αz =
A24∑
α
−
B24∑
α
⊗ fα,
κ̂
′
xxyyz = 〈fα|e2αxe2αyeαz〉 =
26∑
α=0
fαe
2
αxe
2
αyeαz =
A25∑
α
−
B25∑
α
⊗ fα,
κ̂
′
xxyyzz = 〈fα|e2αxe2αye2αz〉 =
26∑
α=0
fαe
2
αxe
2
αye
2
αz =
A26∑
α
−
B26∑
α
⊗ fα, (B.1)
where
A4 = {7, 10, 19, 22, 23, 26} , B4 = {8, 9, 20, 21, 24, 25} ,
A5 = {11, 14, 19, 21, 24, 26} , B5 = {12, 13, 20, 22, 23, 25} ,
A6 = {15, 18, 19, 20, 25, 26} , B6 = {16, 17, 21, 22, 23, 24} ,
A7 = {1, 2, 7, 8, 9, 10, 11, 12, 13, 14, 19, 20, 21, 22, 23, 24, 25, 26} ,
A8 = {3, 4, 7, 8, 9, 10, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26} ,
A9 = {5, 6, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26} ,
A10 = {7, 9, 19, 21, 23, 25} , B10 = {8, 10, 20, 22, 24, 26} ,
A11 = {11, 13, 19, 21, 23, 25} , B11 = {12, 14, 20, 22, 24, 26} ,
A12 = {7, 8, 19, 20, 23, 24} , B12 = {9, 10, 21, 22, 25, 26} ,
A13 = {15, 17, 19, 20, 23, 24} , B13 = {16, 18, 21, 22, 25, 26} ,
A14 = {11, 12, 19, 20, 21, 22} , B14 = {13, 14, 23, 24, 25, 26} ,
A15 = {15, 16, 19, 20, 21, 22} , B15 = {17, 18, 23, 24, 25, 26} ,
A16 = {19, 22, 24, 25} , B16 = {20, 21, 23, 26} ,
A17 = {7, 8, 9, 10, 19, 20, 21, 22, 23, 24, 25, 26} ,
A18 = {11, 12, 13, 14, 19, 20, 21, 22, 23, 24, 25, 26} ,
A19 = {15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26} ,
A20 = {19, 20, 25, 26} , B20 = {21, 22, 23, 24} ,
A21 = {19, 21, 24, 26} , B21 = {20, 22, 23, 25} ,
A22 = {19, 22, 23, 26} , B22 = {20, 21, 24, 25} ,
A23 = {19, 21, 23, 25} , B23 = {20, 22, 24, 26} ,
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A24 = {19, 20, 23, 24} , B24 = {21, 22, 25, 26} ,
A25 = {19, 20, 21, 22} , B25 = {23, 24, 25, 26} ,
A26 = {19, 20, 21, 22, 23, 24, 25, 26} .
C Appendix: Raw Source Moments for the D3Q27 Lattice
The raw source moments of various orders are given in terms of the Cartesian
components of the force field as
σ̂
′
0 = 〈Sα|ρ〉 = 0,
σ̂
′
x = 〈Sα|eαx〉 = Fx,
σ̂
′
y = 〈Sα|eαy〉 = Fy,
σ̂
′
z = 〈Sα|eαz〉 = Fz,
σ̂
′
xx = 〈Sα|e2αx〉 = 2Fxux,
σ̂
′
yy = 〈Sα|e2αy〉 = 2Fyuy,
σ̂
′
zz = 〈Sα|e2αz〉 = 2Fzuz,
σ̂
′
xy = 〈Sα|eαxeαy〉 = Fxuy + Fyux,
σ̂
′
xz = 〈Sα|eαxeαz〉 = Fxuz + Fzux,
σ̂
′
yz = 〈Sα|eαyeαz〉 = Fyuz + Fzuy,
σ̂
′
xyy = 〈Sα|eαxe2αy〉 = Fxu2y + 2Fyuyux,
σ̂
′
xzz = 〈Sα|eαxe2αz〉 = Fxu2z + 2Fzuzux,
σ̂
′
xxy = 〈Sα|e2αxeαy〉 = Fyu2x + 2Fxuxuy,
σ̂
′
yzz = 〈Sα|eαye2αz〉 = Fyu2z + 2Fzuzuy,
σ̂
′
xxz = 〈Sα|e2αxeαy〉 = Fzu2x + 2Fxuxuz,
σ̂
′
yyz = 〈Sα|e2αyeαz〉 = Fzu2y + 2Fyuyuz,
σ̂
′
xyz = 〈Sα|eαxeαyeαz〉 = Fxuyuz + Fyuxuz + Fzuxuy,
σ̂
′
xxyy = 〈Sα|e2αxe2αy〉 = 2Fxuxu2y + 2Fyuyu2x,
σ̂
′
xxzz = 〈Sα|e2αxe2αz〉 = 2Fxuxu2z + 2Fzuzu2x,
σ̂
′
yyzz = 〈Sα|e2αye2αz〉 = 2Fyuyu2z + 2Fzuzu2y,
σ̂
′
xxyz = 〈Sα|e2αxeαyeαz〉 = u2x(Fyuz + Fzuy) + 2Fxuxuyuz,
σ̂
′
xyyz = 〈Sα|eαxe2αyeαz〉 = u2y(Fxuz + Fzux) + 2Fyuyuxuz,
σ̂
′
xyzz = 〈Sα|eαxeαye2αz〉 = u2z(Fxuy + Fyux) + 2Fzuzuxuy,
σ̂
′
xyyzz = 〈Sα|eαxe2αye2αz〉 = Fxu2yu2z + 2uxuyuz(Fyuz + Fzuy),
σ̂
′
xxyzz = 〈Sα|e2αxeαye2αz〉 = Fyu2xu2z + 2uxuyuz(Fxuz + Fzux),
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σ̂
′
xxyyz = 〈Sα|e2αxe2αyeαz〉 = Fzu2xu2y + 2uxuyuz(Fxuy + Fyux),
σ̂
′
xxyyzz = 〈Sα|e2αxe2αye2αz〉 = 2uxuyuz(Fxuyuz + Fyuzux + Fzuxuy). (C.1)
D Appendix: Projections of the Raw Source Moments to the Or-
thogonal Basis Vectors for the D3Q27 Lattice
The orthogonal projections of the raw source moments can be written as
m̂s0 = 〈K0|Sα〉= 0,
m̂s1 = 〈K1|Sα〉=Fx,
m̂s2 = 〈K2|Sα〉=Fy,
m̂s3 = 〈K3|Sα〉=Fz,
m̂s4 = 〈K4|Sα〉= (Fxuy + Fyux),
m̂s5 = 〈K5|Sα〉= (Fxuz + Fzux),
m̂s6 = 〈K6|Sα〉= (Fyuz + Fzuy),
m̂s7 = 〈K7|Sα〉= 2(Fxux − Fyuy),
m̂s8 = 〈K8|Sα〉= 2(Fxux + Fyuy − 2Fzuz),
m̂s9 = 〈K9|Sα〉= 2(Fxux + Fyuy + Fzuz),
m̂s10 = 〈K10|Sα〉= 3
[
Fx(u
2
y + u
2
z) + 2ux(Fyuy + Fzuz)
]
− 4Fx,
m̂s11 = 〈K11|Sα〉= 3
[
Fy(u
2
x + u
2
z) + 2uy(Fxux + Fzuz)
]
− 4Fy,
m̂s12 = 〈K12|Sα〉= 3
[
Fz(u
2
x + u
2
y) + 2uz(Fxux + Fyuy)
]
− 4Fz,
m̂s13 = 〈K13|Sα〉=
[
Fx(u
2
y − u2z) + 2ux(Fyuy − Fzuz)
]
,
m̂s14 = 〈K14|Sα〉=
[
Fy(u
2
x − u2z) + 2uy(Fxux − Fzuz)
]
,
m̂s15 = 〈K15|Sα〉=
[
Fz(u
2
x − u2y) + 2uz(Fxux − Fyuy)
]
,
m̂s16 = 〈K16|Sα〉=Fxuyuz + Fyuxuz + Fzuxuy,
m̂s17 = 〈K17|Sα〉= 6
[
Fxux(u
2
y + u
2
z) + Fyuy(u
2
x + u
2
z) + Fzuz(u
2
x + u
2
y)
]
−8(Fxux + Fyuy + Fzuz),
m̂s18 = 〈K18|Sα〉= 6
[
Fxux(u
2
y + u
2
z) + Fyuy(u
2
x − 2u2z) + Fzuz(u2x − 2u2y)
]
−4(2Fxux − Fyuy − Fzuz),
m̂s19 = 〈K19|Sα〉= 6
[
Fxux(u
2
y − u2z) + u2x(Fyuy − Fzuz)
]
−4(Fyuy − Fzuz),
m̂s20 = 〈K20|Sα〉= (3u2x − 2) [Fyuz + Fzuy] + 6Fxuxuyuz,
m̂s21 = 〈K21|Sα〉= (3u2y − 2) [Fxuz + Fzux] + 6Fyuyuxuz,
m̂s22 = 〈K22|Sα〉= (3u2z − 2) [Fxuy + Fyux] + 6Fzuzuxuy,
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m̂s23 = 〈K23|Sα〉= 9Fx
[
u2yu
2
z −
2
3
(
(u2y + u
2
z)−
2
3
)]
+18ux
[
Fyuyu
2
z + Fzuzu
2
y −
2
3
(Fyuy + Fzuz)
]
,
m̂s24 = 〈K24|Sα〉= 9Fy
[
u2xu
2
z −
2
3
(
(u2x + u
2
z)−
2
3
)]
+18uy
[
Fxuxu
2
z + Fzuzu
2
x −
2
3
(Fxux + Fzuz)
]
,
m̂s25 = 〈K25|Sα〉= 9Fz
[
u2xu
2
y −
2
3
(
(u2x + u
2
y)−
2
3
)]
+18uz
[
Fxuxu
2
y + Fyuyu
2
x −
2
3
(Fxux + Fyuy)
]
,
m̂s26 = 〈K26|Sα〉=Fxux
[
54u2yu
2
z − 36(u2y + u2z) + 24
]
+Fyuy
[
54u2xu
2
z − 36(u2x + u2z) + 24
]
+Fzuz
[
54u2xu
2
y − 36(u2x + u2y) + 24
]
. (D.1)
E Appendix: Source Terms in Particle Velocity Space for the D3Q27
Lattice
The source terms in particle velocity space obtained by solving Eq. (33) are
given by
S0 =
1
216
[8m̂s0 − 24m̂s9 + 24m̂s17 − 8m̂s26] ,
S1 =
1
216
[8m̂s0 + 12m̂
s
1 + 18m̂
s
7 + 6m̂
s
8 − 12m̂s9 − 12m̂s10 − 12m̂s18
+12m̂s23 + 4m̂
s
26] ,
S2 =
1
216
[8m̂s0 − 12m̂s1 + 18m̂s7 + 6m̂s8 − 12m̂s9 + 12m̂s10 − 12m̂s18
−12m̂s23 + 4m̂s26] ,
S3 =
1
216
[8m̂s0 + 12m̂
s
2 − 18m̂s7 + 6m̂s8 − 12m̂s9 − 12m̂s11 + 6m̂s18
−18m̂s19 + 12m̂s24 + 4m̂s26] ,
S4 =
1
216
[8m̂s0 − 12m̂s2 − 18m̂s7 + 6m̂s8 − 12m̂s9 + 12m̂s11 + 6m̂s18
−18m̂s19 − 12m̂s24 + 4m̂s26] ,
S5 =
1
216
[8m̂s0 + 12m̂
s
3 − 12m̂s8 − 12m̂s9 − 12m̂s12 + 6m̂s18 + 18m̂s19
+12m̂s25 + 4m̂
s
26] ,
S6 =
1
216
[8m̂s0 − 12m̂s3 − 12m̂s8 − 12m̂s9 + 12m̂s12 + 6m̂s18 + 18m̂s19
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−12m̂s25 + 4m̂s26] ,
S7 =
1
216
[8m̂s0 + 12m̂
s
1 + 12m̂
s
2 + 18m̂
s
4 + 12m̂
s
8 − 3m̂s10 − 3m̂s11
+27m̂s13 + 27m̂
s
14 − 6m̂s17 + 3m̂s18 + 9m̂s19 − 18m̂s22 − 6m̂s23
−6m̂s24 − 2m̂s26] ,
S8 =
1
216
[8m̂s0 − 12m̂s1 + 12m̂s2 − 18m̂s4 + 12m̂s8 + 3m̂s10 − 3m̂s11
−27m̂s13 + 27m̂s14 − 6m̂s17 + 3m̂s18 + 9m̂s19 + 18m̂s22 + 6m̂s23
−6m̂s24 − 2m̂s26] ,
S9 =
1
216
[8m̂s0 + 12m̂
s
1 − 12m̂s2 − 18m̂s4 + 12m̂s8 − 3m̂s10 + 3m̂s11
+27m̂s13 − 27m̂s14 − 6m̂s17 + 3m̂s18 + 9m̂s19 + 18m̂s22 − 6m̂s23
+6m̂s24 − 2m̂s26] ,
S10 =
1
216
[8m̂s0 − 12m̂s1 − 12m̂s2 + 18m̂s4 + 12m̂s8 + 3m̂s10 + 3m̂s11
−27m̂s13 − 27m̂s14 − 6m̂s17 + 3m̂s18 + 9m̂s19 − 18m̂s22 + 6m̂s23
+6m̂s24 − 2m̂s26] ,
S11 =
1
216
[8m̂s0 + 12m̂
s
1 + 12m̂
s
3 + 18m̂
s
5 + 18m̂
s
7 − 6m̂s8 − 3m̂s10
−3m̂s12 − 27m̂s13 + 27m̂s15 − 6m̂s17 + 3m̂s18 − 9m̂s19 − 18m̂s21
−6m̂s23 − 6m̂s25 − 2m̂s26] ,
S12 =
1
216
[8m̂s0 − 12m̂s1 + 12m̂s3 − 18m̂s5 + 18m̂s7 − 6m̂s8 + 3m̂s10
−3m̂s12 + 27m̂s13 + 27m̂s15 − 6m̂s17 + 3m̂s18 − 9m̂s19 + 18m̂s21
+6m̂s23 − 6m̂s25 − 2m̂s26] ,
S13 =
1
216
[8m̂s0 + 12m̂
s
1 − 12m̂s3 − 18m̂s5 + 18m̂s7 − 6m̂s8 − 3m̂s10
+3m̂s12 − 27m̂s13 − 27m̂s15 − 6m̂s17 + 3m̂s18 − 9m̂s19 + 18m̂s21
−6m̂s23 + 6m̂s25 − 2m̂s26] ,
S14 =
1
216
[8m̂s0 − 12m̂s1 − 12m̂s3 + 18m̂s5 + 18m̂s7 − 6m̂s8 + 3m̂s10
+3m̂s12 + 27m̂
s
13 − 27m̂s15 − 6m̂s17 + 3m̂s18 − 9m̂s19 − 18m̂s21
+6m̂s23 + 6m̂
s
25 − 2m̂s26] ,
S15 =
1
216
[8m̂s0 + 12m̂
s
2 + 12m̂
s
3 + 18m̂
s
6 − 18m̂s7 − 6m̂s8 − 3m̂s11
−3m̂s12 − 27m̂s14 − 27m̂s15 − 6m̂s17 − 6m̂s18 − 18m̂s20 − 6m̂s24
−6m̂s25 − 2m̂s26] ,
S16 =
1
216
[8m̂s0 − 12m̂s2 + 12m̂s3 − 18m̂s6 − 18m̂s7 − 6m̂s8 + 3m̂s11
−3m̂s12 + 27m̂s14 − 27m̂s15 − 6m̂s17 − 6m̂s18 + 18m̂s20 + 6m̂s24
−6m̂s25 − 2m̂s26] ,
S17 =
1
216
[8m̂s0 + 12m̂
s
2 − 12m̂s3 − 18m̂s6 − 18m̂s7 − 6m̂s8 − 3m̂s11
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+3m̂s12 − 27m̂s14 + 27m̂s15 − 6m̂s17 − 6m̂s18 + 18m̂s20 − 6m̂s24
+6m̂s25 − 2m̂s26] ,
S18 =
1
216
[8m̂s0 − 12m̂s2 − 12m̂s3 + 18m̂s6 − 18m̂s7 − 6m̂s8 + 3m̂s11
+3m̂s12 + 27m̂
s
14 + 27m̂
s
15 − 6m̂s17 − 6m̂s18 − 18m̂s20 + 6m̂s24
+6m̂s25 − 2m̂s26] ,
S19 =
1
216
[8m̂s0 + 12(m̂
s
1 + m̂
s
2 + m̂
s
3) + 18(m̂
s
4 + m̂
s
5 + m̂
s
6)
+12m̂s9 + 6(m̂
s
10 + m̂
s
11 + m̂
s
12) + 27m̂
s
16 + 6m̂
s
17 + 9(m̂
s
20
+m̂s21 + m̂
s
22) + 3(m̂
s
23 + m̂
s
24 + m̂
s
25) + m̂
s
26] ,
S20 =
1
216
[8m̂s0 + 12(−m̂s1 + m̂s2 + m̂s3) + 18(−m̂s4 − m̂s5 + m̂s6)
+12m̂s9 + 6(−m̂s10 + m̂s11 + m̂s12)− 27m̂s16 + 6m̂s17 + 9(m̂s20
−m̂s21 − m̂s22) + 3(−m̂s23 + m̂s24 + m̂s25) + m̂s26] ,
S21 =
1
216
[8m̂s0 + 12(m̂
s
1 − m̂s2 + m̂s3) + 18(−m̂s4 + m̂s5 − m̂s6)
+12m̂s9 + 6(m̂
s
10 − m̂s11 + m̂s12)− 27m̂s16 + 6m̂s17 + 9(−m̂s20
+m̂s21 − m̂s22) + 3(m̂s23 − m̂s24 + m̂s25) + m̂s26] ,
S22 =
1
216
[8m̂s0 + 12(−m̂s1 − m̂s2 + m̂s3) + 18(m̂s4 − m̂s5 − m̂s6)
+12m̂s9 + 6(−m̂s10 − m̂s11 + m̂s12) + 27m̂s16 + 6m̂s17 + 9(−m̂s20
−m̂s21 + m̂s22) + 3(−m̂s23 − m̂s24 + m̂s25) + m̂s26] ,
S23 =
1
216
[8m̂s0 + 12(m̂
s
1 + m̂
s
2 − m̂s3) + 18(m̂s4 − m̂s5 − m̂s6)
+12m̂s9 + 6(m̂
s
10 + m̂
s
11 − m̂s12)− 27m̂s16 + 6m̂s17 + 9(−m̂s20
−m̂s21 + m̂s22) + 3(m̂s23 + m̂s24 − m̂s25) + m̂s26] ,
S24 =
1
216
[8m̂s0 + 12(−m̂s1 + m̂s2 − m̂s3) + 18(−m̂s4 + m̂s5 − m̂s6)
+12m̂s9 + 6(−m̂s10 + m̂s11 − m̂s12) + 27m̂s16 + 6m̂s17 + 9(−m̂s20
+m̂s21 − m̂s22) + 3(−m̂s23 + m̂s24 − m̂s25) + m̂s26] ,
S25 =
1
216
[8m̂s0 + 12(m̂
s
1 − m̂s2 − m̂s3) + 18(−m̂s4 − m̂s5 + m̂s6)
+12m̂s9 + 6(m̂
s
10 − m̂s11 − m̂s12) + 27m̂s16 + 6m̂s17 + 9(m̂s20
−m̂s21 − m̂s22) + 3(m̂s23 − m̂s24 − m̂s25) + m̂s26] ,
S26 =
1
216
[8m̂s0 + 12(−m̂s1 − m̂s2 − m̂s3) + 18(m̂s4 + m̂s5 + m̂s6)
+12m̂s9 + 6(−m̂s10 − m̂s11 − m̂s12)− 27m̂s16 + 6m̂s17 + 9(m̂s20
+m̂s21 + m̂
s
22) + 3(−m̂s23 − m̂s24 − m̂s25) + m̂s26] . (E.1)
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F Appendix: Moments of the Collision Kernel for the D3Q27 Lat-
tice
The moments of the collision kernel follow from the orthogonal property of
the moment basis matrix K, which are given by
∑
α
(K · ĝ)α =
∑
β
〈Kβ|ρ〉 ĝβ = 0,∑
α
(K · ĝ)αeαx =
∑
β
〈Kβ|eαx〉 ĝβ = 0,∑
α
(K · ĝ)αeαy =
∑
β
〈Kβ|eαy〉 ĝβ = 0,∑
α
(K · ĝ)αeαz =
∑
β
〈Kβ|eαz〉 ĝβ = 0,∑
α
(K · ĝ)αeαxeαy =
∑
β
〈Kβ|eαxeαy〉 ĝβ = 12ĝ4,∑
α
(K · ĝ)αeαxeαz =
∑
β
〈Kβ|eαxeαz〉 ĝβ = 12ĝ5,∑
α
(K · ĝ)αeαyeαz =
∑
β
〈Kβ|eαyeαz〉 ĝβ = 12ĝ6,∑
α
(K · ĝ)αe2αx =
∑
β
〈Kβ|e2αx〉 ĝβ = 6ĝ7 + 6ĝ8 + 6ĝ9,∑
α
(K · ĝ)αe2αy =
∑
β
〈Kβ|e2αy〉 ĝβ =−6ĝ7 + 6ĝ8 + 6ĝ9,∑
α
(K · ĝ)αe2αz =
∑
β
〈Kβ|e2αz〉 ĝβ =−12ĝ8 + 6ĝ9,∑
α
(K · ĝ)αeαxe2αy =
∑
β
〈Kβ|eαxe2αy〉 ĝβ = 12ĝ10 + 4ĝ13,∑
α
(K · ĝ)αeαxe2αz =
∑
β
〈Kβ|eαxe2αz〉 ĝβ = 12ĝ10 − 4ĝ13,∑
α
(K · ĝ)αe2αxeαy =
∑
β
〈Kβ|e2αxeαy〉 ĝβ = 12ĝ11 + 4ĝ14,∑
α
(K · ĝ)αeαye2αz =
∑
β
〈Kβ|eαye2αz〉 ĝβ = 12ĝ11 − 4ĝ14,∑
α
(K · ĝ)αe2αxeαz =
∑
β
〈Kβ|e2αxeαz〉 ĝβ = 12ĝ12 + 4ĝ15,∑
α
(K · ĝ)αe2αyeαz =
∑
β
〈Kβ|e2αyeαz〉 ĝβ = 12ĝ12 − 4ĝ15,∑
α
(K · ĝ)αeαxeαyeαz =
∑
β
〈Kβ|eαxeαyeαz〉 ĝβ = 8ĝ16,∑
α
(K · ĝ)αe2αxe2αy =
∑
β
〈Kβ|e2αxe2αy〉 ĝβ = 8ĝ8 + 8ĝ9 + 4ĝ17
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+4ĝ18 + 4ĝ19,∑
α
(K · ĝ)αe2αxe2αz =
∑
β
〈Kβ|e2αxe2αz〉 ĝβ = 4ĝ7 − 4ĝ8 + 8ĝ9
+4ĝ17 + 4ĝ18 − 4ĝ19,∑
α
(K · ĝ)αe2αye2αz =
∑
β
〈Kβ|e2αye2αz〉 ĝβ =−4ĝ7 − 4ĝ8 + 8ĝ9
+4ĝ17 − 8ĝ18,∑
α
(K · ĝ)αe2αxeαyeαz =
∑
β
〈Kβ|e2αxeαyeαz〉 ĝβ = 8ĝ6 + 8ĝ20,∑
α
(K · ĝ)αeαxe2αyeαz =
∑
β
〈Kβ|eαxe2αyeαz〉 ĝβ = 8ĝ5 + 8ĝ21,∑
α
(K · ĝ)αeαxeαye2αz =
∑
β
〈Kβ|eαxeαye2αz〉 ĝβ = 8ĝ4 + 8ĝ22,∑
α
(K · ĝ)αeαxe2αye2αz =
∑
β
〈Kβ|eαxe2αye2αz〉 ĝβ = 16ĝ10 + 8ĝ23,∑
α
(K · ĝ)αe2αxeαye2αz =
∑
β
〈Kβ|e2αxeαye2αz〉 ĝβ = 16ĝ11 + 8ĝ24,∑
α
(K · ĝ)αe2αxe2αyeαz =
∑
β
〈Kβ|e2αxe2αyeαz〉 ĝβ = 16ĝ12 + 8ĝ25,∑
α
(K · ĝ)αe2αxe2αye2αz =
∑
β
〈Kβ|e2αxe2αye2αz〉 ĝβ = 8ĝ9 + 8ĝ17 + 8ĝ26. (F.1)
G Appendix: Formulation of the Central Moment LBM for the
Three-dimensional, Fifteen Velocity (D3Q15) Lattice
G.1 Moment Basis
The particle velocity for the D3Q15 lattice −→e α (see Fig. G.1) is given by
−→eα =

(0, 0, 0), α = 0
(±1, 0, 0), (0,±1, 0), (0, 0,±1), α = 1, · · · , 6
(±1,±1,±1), α = 7, · · · , 14
(G.1)
The components of the nominal moment basis chosen are
|T0〉= |ρ〉 ≡ ||−→e α|0〉 ,
|T1〉= |eαx〉 ,
|T2〉= |eαy〉 ,
|T3〉= |eαz〉 ,
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Fig. G.1. Three-dimensional, fifteen particle velocity (D3Q27) lattice.
|T4〉= |eαxeαy〉 ,
|T5〉= |eαxeαz〉 ,
|T6〉= |eαyeαz〉 ,
|T7〉= |e2αx − e2αy〉 ,
|T8〉= |e2αx − e2αz〉 ,
|T9〉= |e2αx + e2αy + e2αz〉 ,
|T10〉= |eαx(e2αx + e2αy + e2αz)〉 ,
|T11〉= |eαy(e2αx + e2αy + e2αz)〉 ,
|T12〉= |eαz(e2αx + e2αy + e2αz)〉 ,
|T13〉= |eαxeαyeαz〉 ,
|T14〉= |e2αxe2αy + e2αxe2αz + e2αye2αz〉 .
Based on the above set, the components of the orthogonal basis vectors are
obtained by means of the Gram-Schmidt procedure, which are given by
|K0〉= |ρ〉 ≡ ||−→e α|0〉 ,
|K1〉= |eαx〉 ,
|K2〉= |eαy〉 ,
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|K3〉= |eαz〉 ,
|K4〉= |eαxeαy〉 ,
|K5〉= |eαxeαz〉 ,
|K6〉= |eαyeαz〉 ,
|K7〉= |e2αx − e2αy〉 ,
|K8〉= |e2αx + e2αy + e2αz〉 − 3 |e2αz〉 ,
|K9〉= |e2αx + e2αy + e2αz〉 − 2 |ρ〉 ,
|K10〉= 5 |eαx(e2αx + e2αy + e2αz)〉 − 13 |eαx〉 ,
|K11〉= 5 |eαy(e2αx + e2αy + e2αz)〉 − 13 |eαy〉 ,
|K12〉= 5 |eαz(e2αx + e2αy + e2αz)〉 − 13 |eαz〉 ,
|K13〉= |eαxeαyeαz〉 ,
|K14〉= 30 |e2αxe2αy + e2αxe2αz + e2αye2αz〉 − 40 |e2αx + e2αy + e2αz〉+ 32 |ρ〉 .(G.2)
They can be written in a corresponding matrix form as K =
1 0 0 0 0 0 0 0 0 −2 0 0 0 0 32
1 1 0 0 0 0 0 1 1 −1 −8 0 0 0 −8
1 −1 0 0 0 0 0 1 1 −1 8 0 0 0 −8
1 0 1 0 0 0 0 −1 1 −1 0 −8 0 0 −8
1 0 −1 0 0 0 0 −1 1 −1 0 8 0 0 −8
1 0 0 1 0 0 0 0 −2 −1 0 0 −8 0 −8
1 0 0 −1 0 0 0 0 −2 −1 0 0 8 0 −8
1 1 1 1 1 1 1 0 0 1 2 2 2 1 2
1 −1 1 1 −1 −1 1 0 0 1 −2 2 2 −1 2
1 1 −1 1 −1 1 −1 0 0 1 2 −2 2 −1 2
1 −1 −1 1 1 −1 −1 0 0 1 −2 −2 2 1 2
1 1 1 −1 1 −1 −1 0 0 1 2 2 −2 −1 2
1 −1 1 −1 −1 1 −1 0 0 1 −2 2 −2 1 2
1 1 −1 −1 −1 −1 1 0 0 1 2 −2 −2 1 2
1 −1 −1 −1 1 1 1 0 0 1 −2 −2 −2 −1 2

where
K= [|K0〉 , |K1〉 , |K2〉 , |K3〉 , |K4〉 , |K5〉 , |K6〉 , |K7〉 , |K8〉
|K9〉 , |K10〉 , |K11〉 , |K12〉 , |K13〉 , |K14〉] . (G.3)
G.2 Various Raw Moments and Source Terms in Velocity Space
The above orthogonal matrix results in a set of moments of the collision kernel,
which are needed in the construction of the collision operator, and are given
by
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∑
α
(K · ĝ)α =
∑
β
〈Kβ|ρ〉 ĝβ = 0,∑
α
(K · ĝ)αeαx =
∑
β
〈Kβ|eαx〉 ĝβ = 0,∑
α
(K · ĝ)αeαy =
∑
β
〈Kβ|eαy〉 ĝβ = 0,∑
α
(K · ĝ)αeαz =
∑
β
〈Kβ|eαz〉 ĝβ = 0,∑
α
(K · ĝ)αeαxeαy =
∑
β
〈Kβ|eαxeαy〉 ĝβ = 8ĝ4,∑
α
(K · ĝ)αeαxeαz =
∑
β
〈Kβ|eαxeαz〉 ĝβ = 8ĝ5,∑
α
(K · ĝ)αeαyeαz =
∑
β
〈Kβ|eαyeαz〉 ĝβ = 8ĝ6,∑
α
(K · ĝ)αe2αx =
∑
β
〈Kβ|e2αx〉 ĝβ = 2ĝ7 + 2ĝ8 + 6ĝ9,∑
α
(K · ĝ)αe2αy =
∑
β
〈Kβ|e2αy〉 ĝβ =−2ĝ7 + 2ĝ8 + 6ĝ9,∑
α
(K · ĝ)αe2αz =
∑
β
〈Kβ|e2αz〉 ĝβ =−4ĝ8 + 6ĝ9,∑
α
(K · ĝ)αeαxe2αy =
∑
β
〈Kβ|eαxe2αy〉 ĝβ = 16ĝ10,∑
α
(K · ĝ)αeαxe2αz =
∑
β
〈Kβ|eαxe2αz〉 ĝβ = 16ĝ10,∑
α
(K · ĝ)αe2αxeαy =
∑
β
〈Kβ|e2αxeαy〉 ĝβ = 16ĝ11,∑
α
(K · ĝ)αeαye2αz =
∑
β
〈Kβ|eαye2αz〉 ĝβ = 16ĝ11,∑
α
(K · ĝ)αe2αxeαz =
∑
β
〈Kβ|e2αxeαz〉 ĝβ = 16ĝ12,∑
α
(K · ĝ)αe2αyeαz =
∑
β
〈Kβ|e2αyeαz〉 ĝβ = 16ĝ12,∑
α
(K · ĝ)αeαxeαyeαz =
∑
β
〈Kβ|eαxeαyeαz〉 ĝβ = 8ĝ13,∑
α
(K · ĝ)αe2αxe2αy =
∑
β
〈Kβ|e2αxe2αy〉 ĝβ = 8ĝ9 + 16ĝ14,∑
α
(K · ĝ)αe2αxe2αz =
∑
β
〈Kβ|e2αxe2αz〉 ĝβ = 8ĝ9 + 16ĝ14,∑
α
(K · ĝ)αe2αye2αz =
∑
β
〈Kβ|e2αye2αz〉 ĝβ = 8ĝ9 + 16ĝ14. (G.4)
Note that unlike the D3Q27 lattice, additional degeneracies for various third
and higher order moment basis vectors exist for the D3Q15 lattice, as it con-
tains a more limited set of independent basis vectors.
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It may be noted that the components of the raw moments of the source terms
σ̂
′
xmynzp = 〈Sα|emαxenαyepαz〉 due to force fields can be obtained in an analogous
manner as determined for the D3Q27 lattice (see Appendix C). The projections
of the source terms to the orthogonal matrix of the moment basis K, i.e.
〈Kβ|Sα〉, β = 0, 1, 2, . . . , 14 for this lattice yield
m̂s0 = 〈K0|Sα〉= 0,
m̂s1 = 〈K1|Sα〉=Fx,
m̂s2 = 〈K2|Sα〉=Fy,
m̂s3 = 〈K3|Sα〉=Fz,
m̂s4 = 〈K4|Sα〉= (Fxuy + Fyux),
m̂s5 = 〈K5|Sα〉= (Fxuz + Fzux),
m̂s6 = 〈K6|Sα〉= (Fyuz + Fzuy),
m̂s7 = 〈K7|Sα〉= 2(Fxux − Fyuy),
m̂s8 = 〈K8|Sα〉= 2(Fxux + Fyuy − 2Fzuz),
m̂s9 = 〈K9|Sα〉= 2(Fxux + Fyuy + Fzuz),
m̂s10 = 〈K10|Sα〉= 5
[
Fx(3u
2
x + u
2
y + u
2
z) + 2ux(Fyuy + Fzuz)
]
− 13Fx,
m̂s11 = 〈K11|Sα〉= 5
[
Fy(u
2
x + 3u
2
y + u
2
z) + 2uy(Fxux + Fzuz)
]
− 13Fy,
m̂s12 = 〈K12|Sα〉= 5
[
Fz(u
2
x + u
2
y + 3u
2
z) + 2uz(Fxux + Fyuy)
]
− 13Fz,
m̂s13 = 〈K13|Sα〉=Fxuyuz + Fyuxuz + Fzuxuy,
m̂s14 = 〈K14|Sα〉= 20
[
Fxux
(
3(u2y + u
2
z)− 4
)
+ Fyuy
(
3(u2x + u
2
z)− 4
)
+Fzuz
(
3(u2x + u
2
y)− 4
)]
. (G.5)
Using m̂sβ, the source terms in velocity space can be obtained by a procedure
involving exact inversion that invokes orthogonal properties of the collision
matrix (see the discussion following Eq. (33) for the D3Q27 lattice). The
results are summarized as follows:
S0 =
1
45
[3m̂s0 − 5m̂s9 + m̂s14] ,
S1 =
1
180
[12m̂s0 + 18m̂
s
1 + 45m̂
s
7 + 15m̂
s
8 − 10m̂s9 − 9m̂s10 − m̂s14] ,
S2 =
1
180
[12m̂s0 − 18m̂s1 + 45m̂s7 + 15m̂s8 − 10m̂s9 + 9m̂s10 − m̂s14] ,
S3 =
1
180
[12m̂s0 + 18m̂
s
2 − 45m̂s7 + 15m̂s8 − 10m̂s9 − 9m̂s11 − m̂s14] ,
S4 =
1
180
[12m̂s0 − 18m̂s2 − 45m̂s7 + 15m̂s8 − 10m̂s9 + 9m̂s11 − m̂s14] ,
S5 =
1
180
[12m̂s0 + 18m̂
s
3 − 30m̂s8 − 10m̂s9 − 9m̂s12 − m̂s14] ,
48
S6 =
1
180
[12m̂s0 − 18m̂s3 − 30m̂s8 − 10m̂s9 + 9m̂s12 − m̂s14] ,
S7 =
1
720
[48m̂s0 + 72m̂
s
1 + 72m̂
s
2 + 72m̂
s
3 + 90m̂
s
4 + 90m̂
s
5 + 90m̂
s
6 + 40m̂
s
9
+9m̂s10 + 9m̂
s
11 + 9m̂
s
12 + 90m̂
s
13 + m̂
s
14] ,
S8 =
1
720
[48m̂s0 − 72m̂s1 + 72m̂s2 + 72m̂s3 − 90m̂s4 − 90m̂s5 + 90m̂s6 + 40m̂s9
−9m̂s10 + 9m̂s11 + 9m̂s12 − 90m̂s13 + m̂s14] ,
S9 =
1
720
[48m̂s0 + 72m̂
s
1 − 72m̂s2 + 72m̂s3 − 90m̂s4 + 90m̂s5 − 90m̂s6 + 40m̂s9
+9m̂s10 − 9m̂s11 + 9m̂s12 − 90m̂s13 + m̂s14] ,
S10 =
1
720
[48m̂s0 − 72m̂s1 − 72m̂s2 + 72m̂s3 + 90m̂s4 − 90m̂s5 − 90m̂s6 + 40m̂s9
−9m̂s10 − 9m̂s11 + 9m̂s12 + 90m̂s13 + m̂s14] ,
S11 =
1
720
[48m̂s0 + 72m̂
s
1 + 72m̂
s
2 − 72m̂s3 + 90m̂s4 − 90m̂s5 − 90m̂s6 + 40m̂s9
+9m̂s10 + 9m̂
s
11 − 9m̂s12 − 90m̂s13 + m̂s14] ,
S12 =
1
720
[48m̂s0 − 72m̂s1 + 72m̂s2 − 72m̂s3 − 90m̂s4 + 90m̂s5 − 90m̂s6 + 40m̂s9
−9m̂s10 + 9m̂s11 − 9m̂s12 + 90m̂s13 + m̂s14] ,
S13 =
1
720
[48m̂s0 + 72m̂
s
1 − 72m̂s2 − 72m̂s3 − 90m̂s4 − 90m̂s5 + 90m̂s6 + 40m̂s9
+9m̂s10 − 9m̂s11 − 9m̂s12 + 90m̂s13 + m̂s14] ,
S14 =
1
720
[48m̂s0 − 72m̂s1 − 72m̂s2 − 72m̂s3 + 90m̂s4 + 90m̂s5 + 90m̂s6 + 40m̂s9
−9m̂s10 − 9m̂s11 − 9m̂s12 − 90m̂s13 + m̂s14] . (G.6)
For obtaining explicit expressions for the collision kernel, it is convenient to
express the non-conserved transformed raw moments using the operator no-
tation given in Eq. (31), which are given as subsets of the particle velocity
directions for the D3Q15 lattice. It follows that
κ̂
′
xy = 〈fα|eαxeαy〉 =
14∑
α=0
fαeαxeαy =
 A4∑
α
−
B4∑
α
⊗ fα,
κ̂
′
xz = 〈fα|eαxeαz〉 =
14∑
α=0
fαeαxeαz =
 A5∑
α
−
B5∑
α
⊗ fα,
κ̂
′
yz = 〈fα|eαyeαz〉 =
14∑
α=0
fαeαyeαz =
 A6∑
α
−
B6∑
α
⊗ fα,
κ̂
′
xx = 〈fα|e2αx〉 =
14∑
α=0
fαe
2
αx =
 A7∑
α
⊗ fα,
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κ̂
′
yy = 〈fα|e2αy〉 =
14∑
α=0
fαe
2
αy =
 A8∑
α
⊗ fα,
κ̂
′
zz = 〈fα|e2αz〉 =
14∑
α=0
fαe
2
αz =
 A9∑
α
⊗ fα,
κ̂
′
xyy = 〈fα|eαxe2αy〉 =
14∑
α=0
fαeαxe
2
αy =
A10∑
α
−
B10∑
α
⊗ fα,
κ̂
′
xxy = 〈fα|e2αxeαy〉 =
14∑
α=0
fαe
2
αxeαy =
A11∑
α
−
B11∑
α
⊗ fα,
κ̂
′
xxz = 〈fα|e2αxeαz〉 =
14∑
α=0
fαe
2
αxeαz =
A12∑
α
−
B12∑
α
⊗ fα,
κ̂
′
xyz = 〈fα|eαxeαyeαz〉 =
14∑
α=0
fαeαxeαyeαz =
A13∑
α
−
B13∑
α
⊗ fα,
κ̂
′
xxyy = 〈fα|e2αxe2αy〉 =
14∑
α=0
fαe
2
αxe
2
αy =
A14∑
α
⊗ fα, (G.7)
where
A4 = {7, 10, 11, 14} , B4 = {8, 9, 12, 13} ,
A5 = {7, 9, 12, 14} , B5 = {8, 10, 11, 13} ,
A6 = {7, 8, 13, 14} , B6 = {9, 10, 11, 12} ,
A7 = {1, 2, 7, 8, 9, 10, 11, 12, 13, 14} ,
A8 = {3, 4, 7, 8, 9, 10, 11, 12, 13, 14} ,
A9 = {5, 6, 7, 8, 9, 10, 11, 12, 13, 14} ,
A10 = {7, 9, 11, 13} , B10 = {8, 10, 12, 14} ,
A11 = {7, 8, 11, 12} , B11 = {9, 10, 13, 14} ,
A12 = {7, 8, 9, 10} , B12 = {11, 12, 13, 14} ,
A13 = {7, 10, 12, 13} , B13 = {8, 9, 11, 14} ,
A14 = {7, 8, 9, 10, 11, 12, 13, 14} .
G.3 Collision Kernel
Following the same procedure and the notations as used for the D3Q27 lat-
tice and considering factorized attractors for the higher order moments, the
cascaded form of the central moment collision operator in the presence of
forcing terms can be constructed. The results are summarized as follows (for
collisional invariants, ĝ0 = ĝ1 = ĝ2 = ĝ3 = 0):
50
ĝ4 =
ω4
8
[
−η̂′xy + ρuxuy +
1
2
(σ̂
′
xuy + σ̂
′
yux)
]
, (G.8)
ĝ5 =
ω5
8
[
−η̂′xz + ρuxuz +
1
2
(σ̂
′
xuz + σ̂
′
zux)
]
, (G.9)
ĝ6 =
ω6
8
[
−η̂′yz + ρuyuz +
1
2
(σ̂
′
yuz + σ̂
′
zuy)
]
, (G.10)
ĝ7 =
ω7
4
[
−(η̂′xx − η̂
′
yy) + ρ(u
2
x − u2y) + (σ̂
′
xux − σ̂
′
yuy)
]
, (G.11)
ĝ8 =
ω8
12
[
−(η̂′xx + η̂
′
yy − 2η̂
′
zz) + ρ(u
2
x + u
2
y − 2u2z)
+(σ̂
′
xux + σ̂
′
yuy − 2σ̂
′
zuz)
]
, (G.12)
ĝ9 =
ω9
18
[
−(η̂′xx + η̂
′
yy + η̂
′
zz) + ρ(u
2
x + u
2
y + u
2
z)
+(σ̂
′
xux + σ̂
′
yuy + σ̂
′
zuz) + ρ
]
, (G.13)
ĝ10 =
ω10
16
[
−η̂′xyy + 2uyη̂
′
xy + uxη̂
′
yy − 2ρuxu2y −
1
2
σ̂
′
xu
2
y − σ̂
′
yuyux
]
+uyĝ4 +
1
8
ux(−ĝ7 + ĝ8 + 3ĝ9), (G.14)
ĝ11 =
ω11
16
[
−η̂′xxy + 2uxη̂
′
xy + uyη̂
′
xx − 2ρu2xuy −
1
2
σ̂
′
yu
2
x − σ̂
′
xuxuy
]
+uxĝ4 +
1
8
uy(ĝ7 + ĝ8 + 3ĝ9), (G.15)
ĝ12 =
ω12
16
[
−η̂′xxz + 2uxη̂
′
xz + uzη̂
′
xx − 2ρu2xuz −
1
2
σ̂
′
zu
2
x − σ̂
′
xuxuz
]
+uxĝ5 +
1
8
uz(ĝ7 + ĝ8 + 3ĝ9), (G.16)
ĝ13 =
ω13
8
[
−η̂′xyz + uxη̂
′
yz + uyη̂
′
xz + uzη̂
′
xy − 2ρuxuyuz −
1
2
(
σ̂
′
xuyuz
+σ̂
′
yuxuz + σ̂
′
zuxuy
)]
+ uzĝ4 + uyĝ5 + uxĝ6, (G.17)
ĝ14 =
ω14
16
[
−η̂′xxyy + 2uxη̂
′
xyy + 2uyη̂
′
xxy − u2xη̂
′
yy − u2yη̂
′
xx − 4uxuyη̂
′
xy
+˜̂κxx ˜̂κyy + 3ρu2xu2y + σ̂′xuxu2y + σ̂′yuyu2x]− 2uxuyĝ4 + 18(u2x − u2y)ĝ7
+
1
8
(−u2x − u2y)ĝ8 +
(
3
8
(−u2x − u2y)−
1
2
)
ĝ9 + 2uxĝ10 + 2uyĝ11,(G.18)
where ω4, ω5, . . . , ω14 are relaxation parameters. Note that similar to the D3Q27
lattice, we have the following relation for the shear viscosity of the fluid
ν = c2s
(
1
ων
− 1
2
)
, where ων = ωj and j = 4, 5, 6, 7, 8. The remaining parameters
can be adjusted independently to control numerical stability.
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G.4 Operational Steps
Finally, by expanding the elements of the matrix multiplication of K with ĝ
in Eq. (16), the post-collision values of the distribution function augmented
by source terms corresponding to the D3Q15 lattice are
f˜ 0 = f 0 + [ĝ0 − 2ĝ9 + 32ĝ14] + S0,
f˜ 1 = f 1 + [ĝ0 + ĝ1 + ĝ7 + ĝ8 − ĝ9 − 8ĝ10 − 8ĝ14] + S1,
f˜ 2 = f 2 + [ĝ0 − ĝ1 + ĝ7 + ĝ8 − ĝ9 + 8ĝ10 − 8ĝ14] + S2,
f˜ 3 = f 3 + [ĝ0 + ĝ2 − ĝ7 + ĝ8 − ĝ9 − 8ĝ11 − 8ĝ14] + S3,
f˜ 4 = f 4 + [ĝ0 − ĝ2 − ĝ7 + ĝ8 − ĝ9 + 8ĝ11 − 8ĝ14] + S4,
f˜ 5 = f 5 + [ĝ0 + ĝ3 − 2ĝ8 − ĝ9 − 8ĝ12 − 8ĝ14] + S5,
f˜ 6 = f 6 + [ĝ0 − ĝ3 − 2ĝ8 − ĝ9 + 8ĝ12 − 8ĝ14] + S6,
f˜ 7 = f 7 + [ĝ0 + ĝ1 + ĝ2 + ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 + 2ĝ12
+ĝ13 + 2ĝ14] + S7,
f˜ 8 = f 8 + [ĝ0 − ĝ1 + ĝ2 + ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 + 2ĝ12
−ĝ13 + 2ĝ14] + S8,
f˜ 9 = f 9 + [ĝ0 + ĝ1 − ĝ2 + ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 + 2ĝ12
−ĝ13 + 2ĝ14] + S9,
f˜ 10 = f 10 + [ĝ0 − ĝ1 − ĝ2 + ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 + 2ĝ12
+ĝ13 + 2ĝ14] + S10,
f˜ 11 = f 11 + [ĝ0 + ĝ1 + ĝ2 − ĝ3 + ĝ4 − ĝ5 − ĝ6 + ĝ9 + 2ĝ10 + 2ĝ11 − 2ĝ12
−ĝ13 + 2ĝ14] + S11,
f˜ 12 = f 12 + [ĝ0 − ĝ1 + ĝ2 − ĝ3 − ĝ4 + ĝ5 − ĝ6 + ĝ9 − 2ĝ10 + 2ĝ11 − 2ĝ12
+ĝ13 + 2ĝ14] + S12,
f˜ 13 = f 13 + [ĝ0 + ĝ1 − ĝ2 − ĝ3 − ĝ4 − ĝ5 + ĝ6 + ĝ9 + 2ĝ10 − 2ĝ11 − 2ĝ12
+ĝ13 + 2ĝ14] + S13,
f˜ 14 = f 14 + [ĝ0 − ĝ1 − ĝ2 − ĝ3 + ĝ4 + ĝ5 + ĝ6 + ĝ9 − 2ĝ10 − 2ĝ11 − 2ĝ12
−ĝ13 + 2ĝ14] + S14. (G.19)
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